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MATRICES
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The paper introduces a new test for testing structures of covari-
ances for high dimensional vectors and the data dimension can be
much larger than the sample size. Under proper normalization, cen-
tral and non-central limit theorems are established. The asymptotic
theory is attained without imposing any explicit restriction between
data dimension and sample size. To facilitate the related statistical
inference, we propose the balanced Rademacher weighted differenc-
ing scheme, which is also the delete-half jackknife, to approximate
the distribution of the proposed test statistics. We also develop a
new testing procedure for substructures of precision matrices. The
simulation results show that the tests outperform the exiting meth-
ods both in terms of size and power. Our test procedure is applied to
a colorectal cancer dataset.

1. Introduction. Driven by a diversity of contemporary scientific ap-
plications, analysis of high dimensional data has emerged as one of the most
important and active areas in statistics. High-dimensional data, where the
dimension can be much larger than the sample size, are encountered in ge-
nomics, medical imaging, financial economics and others. Knowledge of the
covariance structure is essential in the associated statistical inference. For in-
stance, structural assumptions are needed for estimation of high-dimensional
covariance matrices, for example the banding method in Wu and Pourahma-
di (2009) and Bickel and Levina (2008); tapering in Furrer and Bengtsson
(2007) and Cai, Zhang and Zhou (2010); regularizing principal components
in Cai, Ma and Wu (2015); factoring in Fan, Fan and Lv (2008) and Fan,
Liao and Mincheva (2013). In addition, some researchers considered para-
metric models of covariance structures, such as autoregressive moving av-
erage, compound symmetry and Matérn class covariance function (e.g., see
Gneiting, Kleiber and Schlather (2010), Wiesel, Bibi and Globerson (2013)
and Pourahmadi (2013)).
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1.1. Testing covariance structure. Let X1,..., X, be independent and
identically distributed (i.i.d.) samples drawn from a p-dimensional distri-
bution with mean p and covariance matrix ¥ = (oji);k<p.- A fundamental
problem in the inference of covariance is to test:

(1.1) Hy : Ojk = 0jk,0 for all (], k) €S,

where 0, o are pre-specified or from certain parametric families o;j,0(6) for
some 6, S is the index set of covariance structure of interest. An incorrect-
ly specified covariance structure could result in inaccurate statistical infer-
ence. One motivation of such models comes from spatial statistics and ma-
chine learning, where parametric covariance functions are widely used, such
as Matérn covariance functions f(m) = ¢22-T(0) =1 (v/0m/p)? Ko(/0m/p)
(Stein (1999)) and the rational quadratic covariance function f(m) = (1 +
m?/(0o?))~?/? (Rasmussen and Williams (2006)), where m is the distance,
I' is the gamma function, Ky is the modified Bessel function of the second
kind, and o2, p and 6 are non-negative parameters of the covariance. An
important task is to test the validity of such parametric forms.

In the classical fixed dimensional setting, when the data is Gaussian, the
conventional likelihood ratio test (LRT) can be used to access the struc-
ture of the covariance and it has certain optimality properties; see Anderson
(2003) for details. When the dimension p grows with the sample size n, the
standard LRT is no longer applicable. There has been a set of high dimen-
sional tests on different covariance structures. Bai et al. (2009) proposed a
corrected LRT for the identity hypothesis Hy : ¥ = I and demonstrated
that the test is valid when X; are Gaussian and p/n — ¢ € (0,1). The result
is further extended in Zhang, Peng and Wang (2013) and Zheng, Bai and
Yao (2015). Ledoit and Wolf (2002) showed the test in John (1971, 1972) for
sphericity with Hy : ¥ = 01 is consistent even when p/n — ¢ for a positive
constant ¢. Chen, Zhang and Zhong (2010) proposed tests for sphericity and
identity of covariance matrices without normality assumption and without
specifying an explicit relationship between p and n. For normally distribut-
ed data, Jiang (2004) proposed testing for diagonal ¥ by considering the
coherence statistic Ly, = maxi<jcgp<p|?ji|, where 7 is the (j, k)-th sam-
ple correlation. Cai and Jiang (2011) extended the test of Jiang (2004) for
the bandedness of X based on the test statistic Ly, p, = maxj_g>|7jx| for
Gaussian vectors. Xiao and Wu (2013) extended the results on more testing
problems, such as stationarity, bandedness and tapering, and allowed non-
Gaussianity. Qiu and Chen (2012) proposed a test based on a U-statistic
which is an unbiased estimator of E| i—k|>k ajzk for testing bandedness. Cai
and Ma (2013) studied the optimality of one sample tests for Hy : ¥ = I.



TEST FOR HIGH DIMENSIONAL COVARIANCE MATRICES 3

Li and Chen (2012) considered tests for the equality of covariance matrices.
More recently, in regression setting, to access the adequacy of some spec-
ified parametric forms of error covariance structures with Hy : ¥ = %(6)
for unknown parameter 8, Zhong et al. (2017) proposed a bias adjusted test
based on tr{(X — 3(0))?} for normally distributed random vectors. He and
Chen (2016) proposed a test procedure that focuses on testing along the
super-diagonals of the covariance matrix to detect sparse signals and para-
metric structures. This was further extended to the case of two samples in
He and Chen (2018). In many applications, the diagonal elements of the
covariance may not be useful in the testing. This motivates us to develop a
test to examine the appropriateness of covariance structure specification via
the off-diagonals of the covariance matrices.

Define the sample mean X = n~" > X; and the sample covariance ma-
trix X =n"t 37" (X; — X)(X; — X)T = (641);k<p- We propose a test for
the hypothesis Hy in (1.1) based on an unbiased estimator of the quadratic
form }7; pes(ojk — oik0)?. We first consider testing for off-diagonal co-
variance structures. A distributional approximation for the test statistic of
Gaussian vectors with same covariance structure is obtained. It is shown that
our Gaussian approximation theorem covers the cases where the test statistic
does not have a limit Gaussian distribution as n — oo and p — co. In some
cases, after a suitable normalization, the test statistic could have a standard
normal distribution as the limiting distribution, but the approximation to
a standard normal distribution requires some restrictions on the covariance
structure ¥. We provide a sufficient and necessary condition, which extends
the sufficient condition for Gaussian data in Cai and Ma (2013). It is also
worth noting that the proposed test does not require explicit conditions in
the relationship between p and n. The power of the test is also investigat-
ed. In order to overcome the difficulty to consistently estimate the fourth
moments of X; and quantify the difference of the c.d.f of the test statistic
and that by estimated moments, we propose using the balanced Rademach-
er weighted differencing scheme, called half-sampling; see also Wu, Lou and
Han (2018). Wu (1990) showed that in the one-dimensional case the his-
togram of the delete-d jackknife with a suitable d, the number of deleted
observations, can be consistent in estimating the sampling distribution for
linear and certain non-linear statistics (in particular, U-statistics), and is op-
timal if d is taken to be on the same order as the sample size. We extend his
idea and show that the balanced Rademacher weighted differencing scheme
(half-sampling approach), which is also the delete-n/2 Jackknife, leads to
a consistent estimator of the distribution function of the test statistic. The
proofs of the validity of the half-sampling approach require a more involved
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Gaussian approximation result.

To study the case where o, ¢ in (1.1) are from certain parametric families
0jk0(0) for some 6, we first estimate the involved parameters, then establish
the distributional approximation of the test statistic with estimated param-
eters and implement the half-sampling procedure accordingly. In particular,
the asymptotic mean of the test statistic varies for different parametric form-
s and different relationship between n and p, which may not vanish due to
the bias induced by the estimation of unknown parameters. It is worth not-
ing that our half sampling approach avoids the estimation of the unknown
mean of the test statistic, and thus can be easily applied to test paramet-
ric covariance functions. The numerical results indicate that our proposed
test estimates size accurately. In comparison, the test in Zhong et al. (2017)
tends to overestimate the size at low nominal levels.

Besides testing for off-diagonal covariance structures, we also develop a
test for sub-matrices. The interest on such a test arises naturally in ap-
plications in genomics and other fields, when we are interested in knowing
the between pathway associations in genomics where each pathway stands
for a group of genes, or studying the relationships between a diverse range
of disease phenotypes and genomic markers in PheWAS (see, e.g., Kelley
and Ideker (2005)). Asymptotic properties of the test are derived and a
half-sampling estimator of the distribution function of the test statistic is
studied.

1.2. Testing precision matrices. Precision matrix plays a fundamental
role in many high dimensional inference problems. It is of significant inter-
est to understand structure or substructure of the precision matrices. For
example, under the Gaussian graphical model framework, a submatrix of the
precision matrix characterizes the network of two groups, which measures
the conditional dependence network structure of two groups of variables.
See De la Fuente (2010), Hudson, Reverter and Dalrymple (2009), Ideker
and Krogan (2012), Jia et al. (2011), Li, Agarwal and Rajagopalan (2008),
Ren et al. (2015), among others. One can also use it to study interactions
between two groups that adjust for effects from other variables.

Let Q@ = £7! = (wjy); k<p be the precision matrix. Testing the hypothesis
Hy : Q = Qg for a given 0 is equivalent to testing Hy : X = ¥, which has
been well studied under various alternatives. However, in many applications,
one aims at studying the group structure of the network, by testing a given
substructure of the precision matrix €2,

(1.2) Hy :wj, =0 for all (j,k) € S,

where S is an index set. In such cases, it is essential to work on the precision
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matrix directly, instead of the covariance matrix. Testing procedures on the
covariance matrix cannot leverage information on the given substructure of
the precision matrix. More importantly, due to the notable difference be-
tween conditional and unconditional dependencies, the various procedures
for testing the covariance matrix may not be well adapted to testing spe-
cific substructure of the precision matrix. To the best of our knowledge,
there are no currently available methods with theoretical guarantees to in-
fer about substructure of the precision matrix when the dimension of the
substructure can go to infinity. Xia, Cai and Cai (2015) proposed a proce-
dure for testing the differential network by using the maximum entrywise
deviation of the precision matrix. Xia, Cai and Cai (2018) considered testing
a given submatrix of the precision matrix under a Gaussian graphical model
when the dimension of the submatrix is fixed. In our paper, we develop a
novel testing procedure for substructures of the precision matrices. The test
statistic is based on the Frobenius norm of a substructure estimate of the
precision matrix without imposing any structure assumptions. Theoretical
properties under sub-Gaussian tails and linear process model are discussed.
The testing procedure is easy to implement.

1.3. Organization of the paper. The paper is organized as follows. Sec-
tion 2 introduces the procedure for testing off-diagonal covariance structure
and its asymptotic properties of the test statistic and the theoretical prop-
erties of the half-sampling estimator. Properties of the test for parametric
covariance functions are presented in Sections 3. A new testing procedure for
a given substructure of the precision matrix is proposed and its theoretical
properties are presented in Section 4. Numerical performance of the tests
are given in Section 5. The readers are referred to Appendix (supplemen-
tary material) Section A and B for properties of the test for the off-diagonal
sub-matrix, and power evaluations, respectively. A real data example is il-
lustrated in Appendix C. Appendix D includes more simulation results. All
technical details are relegated to Appendix E.

1.4. Notation. Throughout this paper, for a matrix A = (a;;) write
|Aloc = max; j[a;j| and the Frobenius norm [Alp = (3, agj)1/2. For a
vector z = (z1,...,2p)7, define |z| = |z = (22 + ... + 3:]2))1/2. Let & =
(§1,...,§p)T be a random vector. Write € € L™, m > 1, if the m-norm
€llm = (E[€]™)Y™ < oo. For two sequences of real numbers {a,} and
{bn}, write a,, = O(by,) (resp. a, < by,) if there exists a constant C' such that
lan| < Clby| (resp. 1/C < a, /by, < C) holds for all sufficiently large n, and
write a, = o(by) if lim,, o0 @y /by, = 0. Let [a] =min{k € Z: k > a}.
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2. Testing Off-diagonal Covariance Structure.

2.1. Overview. A natural test statistic for the hypothesis Hy in (1.1)
is based on the quadratic form > (6K — oik0)?. It is noted that

> (kes Ok — 0jk0)? is a biased estimator of > kes(Tik — 0ik0)%, since
E(ojr — ij7o)2 = var(Gjx) + (ojk — O'jk70)2. Following the spirit of Chen,
Zhang and Zhong (2010) and Li and Chen (2012), we propose

(2.1) Ts = Y. My,

(4,k)eS

. . . . 2
which is an unbiased estimator of >, 1)cs(0jk — ojk,0), where

1 « p—
(22) My =5 > Xy XinkXing Xigk — 2 D Xy Xy Xigk Xig

™ iy ,io ™ 41,i2,i3
2 - 2 - )
— 5 0ik0 D XXk + 5175k, > XiiXik + 0
21 n il»iQ
1 * n
k._ :
+ 3 Z X’i1in2j igkXi4k and Py = H 7.
NGy i j=n—k

Throughout this paper, " denotes summation over mutually different sub-
scripts shown, for example, Z;‘Lig’is denotes summation over {(i1,i2,13) :
i1 # dg,12 # i3,11 # i3,1 < i1,i2,i3 < n}. Elementary derivations show
that EMj; = (0 — 0jr0)? for all 1 < j,k < p, then Tg is unbiased for
> Gkes( Tk — 0jk0)?. Besides the unbiasedness, Tg is invariant under the
location shift. This means that, without loss of generality, we can assume
1 = EX; = 0 in the rest of the paper. To calculate Tg, it is computationally
more efficient to use an equivalent formula given by Himeno and Yamada
(2014) which reduces the computational cost from O(n?) to O(n).

We reject Hy if Tg exceeds certain cutoff values. The problem of deriving
asymptotic distribution of 7g is open. In many of earlier papers it is assumed
that Xo has special structures such as being diagonal or spheric and/or X
is Gaussian or has independent entries. Here we shall obtain an asymptotic
theory for Tg for Volterra process model, a generalization of linear process
models, which will be specified in this section.

Let us first consider testing the off-diagonal covariance structure:

(2.3)
Hy, : 0j), = 0j for all (j,k) € S1, where S; = {(j,k) : 1 < j # k < p}.
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For X = (X1,...,X,)T, let W(X,S) := (X; Xk — 0jk) (j.x)es- In particular,
let T), = Ts, and

X1X9 — o012
X1 X, —o1
2.4 W(X,8)) = p = p
(2.4) (X, 81) XoXo — 01

XpXp-1 = Opp-1
be a p(p — 1)-dimensional vector. Let the random vector X be identically
distributed as X;. Denote W = W(X,S;), W; = W(X;,S1) and W,, =

>, Wi/n. Then the covariance matrix I' = (Yq.0/)a.a’cs, for W is p(p —
1) x p(p — 1) with entries

Vokma) = E(X;Xk = o) (XmXg — omg))
= E(XJXk’Xqu) — 04jk0Omgq
(2.5) = cum(X;, Xi, Xon, Xg) + 0jmOkq + 0jq0km.

The square of the Frobenius norm of I' is

TF= Y 2w =EWWT);.

a,a’ €Sy

Suppose the following Lyapunov-type condition for W; is satisfied: there
exists a constant K such that, for some § > 0,

2+4

W1TW2 < K < .

(2.6) (K )t =E 7y

The basic idea of our test procedure is to bound the Kolmogorov distance be-
tween the distribution of nT,,/|I'|r and its Gaussian analog under condition
(2.6). Under the null hypothesis Hy,, we can establish

nT, 1 - T
sup |P <t|-P|l—— S vTy <t|| —o,
teR <|F|F > (n—1IT|F ; ‘

where Y7, ..., Y, are i.i.d. N(0,T"), as the Gaussian analog of W in the sense
of having the same mean and the same covariance matrix. Then we shall
use a half-sampling technique to obtain an asymptotically unbiased and
consistent estimator of the cumulative distribution function of n7},, since
the covariance matrix I' is unknown and the associated estimation issue can
be quite challenging. Rigorous analysis will be carried out afterwards.
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2.2. Asymptotic properties. To present an asymptotic theory of Tn, we
impose the following conditions:

N N
ASSUMPTION 2.1, X5 = puj+ 3y g bjan&aty + 220 <ty @5t Sity Gty +- -+ F
N . .
le<lg<...<ld @ 1lo... 14000 ity ---&aty for all 1 < j < p where d is a fized number,
{&i}i<i<n,i<i<n are i.i.d. random variables with mean 0, variance 1, Efi)’l =
0 and Var(¢})) = v < <.

Specifically, for Gaussian vector X;, Assumption 2.1 always holds with
N =pandajj;, =0,..,055,.0, =0foral 1 <l <lp<..<lg<N.
The requirement of &, ..., &y being i.i.d. and E€$; = 0 is not essential and
is purely for the sake of simpler notion. Differently from Chen, Zhang and
Zhong (2010) and Qiu and Chen (2012), we do not assume N > p.

Furthermore, many papers in testing high dimensional covariance matri-
ces assume linear process model, while we extend to nonlinear process mod-
el, i.e., Volterra process model. Linear process is considered in Xu, Zhang
and Wu (2014) and Li and Chen (2012). In the study of nonlinear system-
s, Volterra processes are of fundamental importance; see Schetzen (1980),
Rugh (1981), Casti (1985), Priestley (1988) and Bendat (1990), among oth-
ers. The Volterra process has been widely applied as nonlinear system mod-
eling technique with considerable success, since a wide range of nonlinear
process models admit Volterra process. At the technical level, Volterra pro-
cess involves recursive application of Rosenthal’s inequality.

ASSUMPTION 2.2.  For some constant C > 0,

(2.7) CE>C D0 > (05m0hy + TjmOaTkmThy)-
(4,k)ES1 (Mm,q)€S!

We now discuss Assumption 2.2. Let Q := 3" tycs, 2 (m.ges; (TimOkq + TjqOhm)” -
Note that from (2.5),

DE=Q+ > > (cum(Xj,Xp, Xm, X,)?

(J:k)€S1 (m.q)€S
+2cum(X;, Xi, X, Xq)(0jmOrq + 0jq0km)) -

Assume that there exists a constant ¢ < 1/4 such that

(2.8) Z Z cum (X, Xy, Xim, X4)? < cQ.

(4,k)ES1 (Mm,q)€S
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Similar conditions are commonly imposed for cumulant analysis; see, e.g.,
Kalouptsidis and Koukoulas (2005), Xiao and Wu (2013) and Cherif and
Fnaiech (2015). Then (2.8) implies Assumption 2.2 by the Cauchy-Schwarz
inequality

[T 2 2(1 - 2ve) Z Z (Uﬂzmazq + 0jm0jqTkmTkq)-
(jvk)esl (mﬁI)ESl

Typical examples that satisfy (2.8) include Gaussian vectors whose 4th cu-
mulants are 0 and the linear process models, that is, under Assumption 2.1
with @j1i1s..0; = 0 forall 1 <l <la<..<[; <N,2<i<d,1<75<p;see
Lemma E.2 in the supplementary material for details.

The following theorem provides a Berry-Esseen type bound of the asymp-
totic approximation of T, by a linear combination of x? random variables.

THEOREM 2.1.  Suppose Assumptions 2.1 and 2.2 hold and ||&11||a12s <
oo with 0 < § < 1. Then under the null hypothesis Hy, (2.3), we have that
(2.9)

T p(p—1) Ay B 5
sup P <t]|-P (ng—1) < = O(n_(S 10+4 ),
(rrrF ) 2. s
where A\y > Ay > ... > )\p —p = 0 are etgenvalues of I' and ng, d > 1, are

ii.d. 3.

REMARK 2.1.  We conjecture that better rate can be possibly derived by
applying the more sophisticated mathematical argument that involves solu-
tions to Stein’s equations. Solutions to Stein’s equation with normal dis-
tribution have a close form which is relatively easy to work with and it can
lead to sharp Berry-Esseen bound. Chatterjee (2008)’s new version of Stein’s
method can be applied to obtain sharp Berry-FEsseen bounds of quadratic for-
m for normal approximation. However, it is difficult to work with Stein’s
equation with distribution being linear combinations of x3 random variables.
A recent breakthrough of Stein’s method with distribution being linear com-
bination of X3 random variables is considered in Arras et al. (2016). Due
to its extreme complexity, we are not able to apply it to our problem. The
optimal rate of Lo type Gaussian approximation is still open. L]

Note that Zp(p b Aanq and YTY have the same distribution, with Y ~
N(0,T). Under Hoa, Theorem 2.1 implies that the asymptotic variance of

nT), is E (Zp(p 2 Aa(na — 1))? = 2|T'|%. If the null hypothesis Hy, does not
hold, a similar argument as Theorem 2.1 implies the following corollary.
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COROLLARY 2.1.  Suppose ||&11]|a+25 < 00 with 0 < § < 1. Assume that
Z?;ﬁk(ajk —0,1,0)%/|IT|lF = O(1). Under Assumptions 2.1 and 2.2, we have
that
(2.10)

p <nT . t) e (o Vi Y'Y + i) = (D) _ )

sup — O(n~0/(10+49)),

t IT|r IT|p

where Y ~ N(O, F) and ny = (0'12 —012,0,013 — 013,05 -+, Op,p—1 — Up,p—l,O)T-
On the other hand, if Z?;ﬁk(ajk — 0jk0)?/IT|F — 0o, under Assumptions

2.1 and 2.2, we have that nT,, /|T|r — oo in probability.

REMARK 2.2. The idea of formulating the test statistics for off-diagonal
covariance structure can be used for testing Hy : 0ji, = ojro for all |j — k| >
K, e.g., the banding structure. With little modification of Tn, we can con-
struct a test statistic on the super-diagonals |j — k| > k. Similar asymptotic
properties in Theorem 2.1 and Corollary 2.1 can be obtained. O

The asymptotic approximation in Theorem 2.1 is attained without any
restriction on p. In the low dimensional case with p = O(1), which may
be viewed as having finite dimension, the Berry-Esseen style theorem as
conveyed in Theorem 2.1 and Corollary 2.1 still hold.

By Theorem 2.1, in general, the approximating distribution of T, is a
linear combination of x%. The following corollary concerns a central limit
theorem for Tn

COROLLARY 2.2. Under conditions of Theorem 2.1, the central limit
theorem nT),/|T|p LN N(0,2) holds if and only if

tr(T4
(2.11) or = tr2((I’2)) — 0, asp — oo.
Assume 32 es, 2o (mges: (ajzmazq + 0jm0jqg0kmOkq) > Ktr?(3?) for some
constant K > 0. If {X;}I" | follows the linear process model, that is, under
Assumption 2.1 with a0, =0 for all 1 <1y <lp <..<[; <N,2<i<
d,1 < j<p, then, (2.11) is equivalent to

(2.12) ps — 0, as p — oo.

In other words, condition (2.12) for linear process models is the necessary
and sufficient one to achieve the central limit theorem. Condition (2.12) is
widely used in the literature of high dimensional hypothesis testing prob-
lems; see e.g., Chen, Zhang and Zhong (2010), Li and Chen (2012). This
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result is consistent with Proposition 3 in Cai and Ma (2013) which deals
with tests for high dimensional covariance matrices for Gaussian vectors.
They developed the Berry-Esseen bound (1/n 4 px)'/® for a similar test
statistic which is asymptotically Gaussian under (2.12). Condition (2.12) is
violated, for instance the rational quadratic covariance structure in Example
2.1 below or the simple linear factor model X;; = F; + &;; where {F;} and
{&;} are i.i.d. mean 0 and variance 1, tr(X%) < tr?(32).

ExXAMPLE 2.1.  Consider the rational quadratic covariance structure Yo =
{(0j5.0(0))pxp : Tjr0(0) = (1 4+ 6710525 — k|>)~0/2 and 0 < 01 < 1/2,05 >
0}. It can be shown that tr(2%) < p*=2% and tr(X?) =< p>=2%1, leading to
ps A~ 0, as p = oo. Then the classical central limit theorem in Corollary
2.2 does not apply, while Theorem 2.1 still holds with a non-Gaussian ap-
proximating distribution. O

2.3. Estimating the distribution of nT},. In general, by Theorem 2.1, the
asymptotic distribution of nT}, can be used for testing with estimated criti-
cal values via estimation of {)\d}z(:p; U 1t is also called a plug-in resampling
procedure based on the sample version of I' (see Xu, Zhang and Wu (2014)).
However, estimation of the eigenvalues of matrix I' is highly nontrivial, s-
ince by (2.5) I' is a very high p(p — 1) x p(p — 1) dimensional matrix. To
formulate a computational feasible test procedure, we use a half-sampling
approach (also balanced Rademacher weighted differencing scheme) to avoid
such estimation problems, and obtain an asymptotically unbiased and con-
sistent estimator of the cumulative distribution function of n7,.

Assume that n is even. Let B C {1,2,...,n}, B¢ ={1,...,n}\B, and |B| =
| B¢| = m = n/2. Define respectively:

(2.13) JB(S1,%0) = Y. R(B,ojro),
(4.k)ES1

(2.14) Cppe(S1,%0) = Y Njp(B, B ojr),
(j,k)631

where recall the notation " means summation over mutually different sub-
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scripts shown, P¥ :=m(m —1)---(m — k), and

(2.15)
1 *
Njk(B B° O'Jk() Z Xu]lek 1 Z XileiQk — Ojk,0
21€B m i1,i20€B
i3j<Yigk — P Z Xl3]XZ4/€ U]/CO 3
’LgeBC n—m ;j; i,€Bc
(2.16)
1 * 2 *
R (B, 0jk0) =51 D Xi i Xin X Xk — =2 D X Xigi Xigk Xigh
11,i2€B 11,i2,i3€B
1 *
+ 53 o XiiXii Xigh Xigk + 030

11,12,i3,14€B

2
- 70_]]{,‘0 E le zlk + U]k 0 Z leszgk
i1€B i1,02€B

We consider the balanced Rademacher weighted differencing scheme (half-
sampling approach). The half sampling estimator is defined as

~ 1
(2.17) F(t) = (7”) Z lm(l—m/n)(JB(SLEO)"rJBC(81720)_203,36(81720))§t7
m/ BeB

where B contains all the subsets of size m of {1, 2, ...,n}. Because (gl) can be
too large, F (t) may be difficult to compute. Instead, a stochastic approxima-
tion may be employed. Let By, ..., By, be i.i.d. uniformly sampled from the
class B:={B: B C {1,...,n},|B| = m}. Assuming {X;} and the sampling
process {B;} are independent. The balanced Rademacher weighted differ-
ences is defined by m(l — m/n)(JBl (81, Eo) + JBZC (51, Eo) - 2CBl,Bl° (81, 20)).
Following Politis, Romano and Wolf (1999), F'(t) can be approximated by

~

- 1
(2.18) Fr(t) = T Z Loni—m/n) (75, (S1,%0)+ /¢ (81,%0)~2C, e (S1,%0)) <t
=1

By the Dvoretzky-Kiefer-Wolfowitz-Massart inequality (cf. Massart (1990)),

(2.19) pP* <sup \EL(t) — F(t)] > u) <2e72W >0,
t
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where P*(-) = P(:| X1, ..., X},) is the conditional probability given the origi-
nal data {X71, ..., X,,}. Hence, the distribution function of F(t) := P(nT}, <
t) can be estimated by F(t) (cf. Theorem 2.2), which is well approximated
by Fr(t) by choosing L > n.

Politis, Romano and Wolf (1999) assume that m/n — 0, whereas, moti-
vated by numerical performance (see Example 2.2 below), we build a new
half sampling procedure under the case m = n/2. In contrast, Xu, Zhang
and Wu (2014) considered a sub-sampling procedure with m = o(n). The
convergence rate they developed for subsampling is much worse than our
Theorem 2.2. In practice, we directly use the stochastic approximation of
the half sampling estimator, Fr, (t), instead of the original half sampling esti-
mator F(t). When the sample size is too small, the total number of possible
subsamples can be small, then the method is less reliable. In practice, we
recommend the sample size n > 20 and resampling replications L > 1000.

Our half sampling procedure is motivated by the Hadamard matrices. For
ease of presentation, consider the mean test problem. Assume that Y7, ..., Y,
are iid. N(u,X). Let H be an n x n Hadamard matrix where its first
row consists all 1’s, all its entries take values 1 or —1, and its rows are
mutually orthogonal, so that HH' = nl,. Let Z; = n~1/2 > H,Y; for
l = 1,2,...,n. Then Zy, Zs, ..., Z, are i.i.d. N(0,%) and the empirical
cumulative distribution function

. 1 <
Fn(t) = n—1 Z Lz 3<t
1=2

converges uniformly to F(t) = P(n|Y — u|3 < t). We can reject the null
hypothesis p1 = 0 at level a € (0,1) if n|Y|3 > f1_,, where {1, is the
(1 — a)th sample quantile of F},(t). As an important feature of the latter
method, one does not need to estimate the covariance matrix . However,
it is highly nontrivial to construct Hadamard matrices; see Hedayat et al.
(1978) and Yarlagadda and Hershey (2012). To circumvent the construction
problem of Hadamard matrices, we shall obtain asymptotically independent
realizations by using balanced Rademacher weighted differencing scheme.
See Wu, Lou and Han (2018) for more details.

The example below numerically illustrates the benefits of the half-sampling
approach over the usual sub-sampling procedure with m = o(n). Our half
sampling approach goes far beyond the theoretical results about sub-sampling
approach in Xu, Zhang and Wu (2014). The proofs of the validity of half-
sampling approach are highly nontrivial and require a more involved Gaus-
sian approximation result than theirs.



14

Y. HAN,

Power curve for size=0.01

W.B. WU

Power curve for size=0.01

. .
g g
8 e
——
— m=14
— m=20
— m=30
< .
8 g
. .
=] =l
. .
0 — / o
6] = — g
f{=—— 8
.
5 |
. g
g
3
0.00 0.02 0.04 0.06 0.08 0.10 0.10 0.15 0.20 0.25

Fi1c 1. Power curve of the test given in Qiu and Chen (2012) (abbr. QC), the sub-sampling
procedures with resampling size m = 14,20 and the half sampling procedure with m = 30

at size = 0.05. The resampling sizes are 2000.

power

0.05

0.04

0.03

0.02

0.01

0.00

Power curve for size=0.01

— oc
— m=14
— m=20
— m=30

Power curve for size=0.01

power
o.

0.40
I

0.20
I

0.01
I

0.15 0.20 0.25

F1G 2. Power curve of the test given in Qiu and Chen (2012) (abbr. QC), the sub-sampling
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at size = 0.01. The resampling sizes are 5000.
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ExXAMPLE 2.2.  Consider the following model:
Xij = Zij + pGi, 1<i<n1<j<p,

where Z;;’s and ¢;’s are i.i.d N(0,1), and p is a parameter. To obtain the
power curve, the data set is simulated by setting p from O (under the null) to
0.25. We set p = 120 and n = 60. Figures 1 and 2 display the power curve
of the test given in Qiu and Chen (2012) (abbr. QC), the sub-sampling
procedures with resampling size m = 14,20 and the half sampling procedure
with m = 30. The empirical size and power of the tests are estimated from
10000 realizations. The result shows that sub-sampling with resampling size
m = 14 leads to a smaller empirical size than the nominal level, while all the
other tests have correct sizes. It can be noted that the half sampling procedure
1s the best one in both size accuracy and power. In addition, the sub-sampling
with m = 20 also improves the power over the sub-sampling with m = 14

and the QC test. ]

Let y* = inf{y : F(y) > a} be the a-quantile of half-sampling estimator
F(t). It can be approximated by y; , = inf{y : F(y) > a}. Theorem 2.2
shows convergence property of the half-sampling estimator F(t):

THEOREM 2.2. Let F(t) = P(nTn < t). Suppose Assumptions 2.1 and
2.2 hold, and ||&11||a+25 < 00 where 0 < § < 1. Let m = [n/2], then under
the null hypothesis Hog in (2.3),

(2.20) sup E|F(t) — F(t)]? = O(n_5/(10+45)).
t

Based on Theorem 2.2, at a given significance level 0 < o < 1, we propose
the test @, = 1(nT}, > yi_,). In practice, we use Y 1_o instead of yi_,.
The null hypothesis Hy, is rejected whenever ®,, = 1. Power analysis is
discussed in the supplementary materials. In multiple testing problems that
are common in genomics, researchers use either normal approximation based
method, or the normal quantile transformation of mixture of X% distribution;
see e.g. Xia, Cai and Cai (2018).

3. Testing Parametric Forms of Covariance Functions. In this
section, we aim to test:

(3.1) Hoq : 0jr = 0jio(0) for all (j,k) € S1, S1 ={(j,k):1<j#k<p},
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where the unknown parameter 8 = (64, ...,04)7 C R? and d is finite. We
estimate 6 by

p
(3:2) 0 = argmin %(fm —0jk0(0)).
J

Assume that § — 0 = Op(an.p), where ay,  is the rate of convergence. For
example, it can be verified that o, ), = (\/er)*1 for the sphericity structure
Y0(0) = 01,, and an, = (v/n)~! for the compound symmetry structure
Yo(0) = I, + 6(117 — 1)).

We first introduce some notation. Let 6; be the j-th (j =1, ...,d) compo-
nent of the d-dimensional vector 8. Let V' = (v q)1<m g<a With

p
90jk0(0) 00jr0(0)
vma =D (g g )
i#k " !
In addition, let ¥ = (¥, ..., ¥,) and

80'1270(0) 80'13,0(0) 8O'p7p_170(0))T
30, 7 00, 7 00y,

W, = (
for 1 < m < d. Moreover, define
T =0V
For the process W; = W(X;,S1) as W(X;, S1) defined in (2.4), let

WITW, — tr(YT) [*+°

2t ._ E
(3.3) Ky ¢ T =T

To facilitate the theoretical analysis, the following technical conditions are
considered (see Zhong et al. (2017)).

ASSUMPTION 3.1.  Assume that @ is in a small neighborhood of 0. (i).
For any1 <m,q<d,

%01,.0(0) "L 904,0(0) 00jk.0(0)
o (0jk0(0) —0jr) = o ’ : )
250,000, 2200, o0,
p 2 2 p 2
9%01.0(0) 00r,0(0) 00 1.,0(0)
Yo o0 =) ) = 04 ) :
2 (s, 2\ "0, on,
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(ii). For any 1 <m,q,s <d,

P 3 A u P 2 u
0°0j10(0) 0%0j10(0)
) . — — J 0 . :1
2 (aemaaqaasc’f’“ 0\2 0,08, k) ( foru=tA

j#k J#k

p 2 2 p 2
D ojk0(0) _ 00k,0(0) 00j1,0(0)

;(8%8% owo®) = 03 (RS

Similar to 7, = Tg, in (2.1), we define 7},(#) with 0jk0 in (2.2) replaced
by ajkﬁo(é). The asymptotic behavior with estimated parameters is more
complicated. The estimated parameters can play a nontrivial role, leading
to dichotomous limiting behaviors, c.f. Theorem 3.1. We supplemented the
Gaussian approximation results in Xu, Zhang and Wu (2014) with another
type of approximating distribution when the bias term is the leading term in

the test statistic. The following theorem presents the asymptotic properties

of T,,(8).

THEOREM 3.1.  Suppose Assumptions 2.1, 2.2 and 3.1 hold and ||£11 4426 <
00, Ko < 00 with 0 < 0 < 1,0 > 0. (i) If ko/\/n — 0, then under the null
hypothesis Ho, in (3.1),

(3.4)
5 A (p—1)
nT, (0 1 P
d=1

where \g are eigenvalues of (I — Y)Y2D(I —T)Y? and ng are i.i.d. 3.
(i) If \/n/ko — 0 and the Lindeberg condition holds, i.e.,

(3.5) E< Wi TW; — tr(TT) ‘2

koD — YT WlTTW1—tr(TF)|>\/ﬁano|F—’ITp) —0

for any € > 0, then under the null hypothesis Hoq (3.1),

VA(nT(8) + tr(YT))
P( T o e §t> —®(t)

where ® is the standard Gaussian cdf.

(3.6) sup
¢

— 0,

REMARK 3.1. When ko/y/n — 0, Theorem 3.1(i) reveals that the asymp-
totic mean of nT,(0)/|I' — YT|p is (tr((I — T)I') — tr(T"))/|IT — YT|p =
—tr(YT) /T — YT|p, which may not converge to 0 as n,p — oo. O]
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REMARK 3.2.  As pointed out in Chen and Qin (2010), although the term
S X!X; in | X3 is not useful in testing of the mean, it may impose extra
restriction on p andn. Likewise, our ko controls the effect of >, VVZ-TTVVi,
which is a bias term induced by the estimation of the unknown parameters.
In practice, ko/\/n — 0 means that the estimation of 6 does not affect
the asymptotic behavior of the test statistic. In contrast, if \/n/ky — 0,
the estimation of @ incurs leading order effects of the test statistic. Then
under proper normalization, we can still achieve asymptotic normality, i.e.,

Theorem 3.1(ii). O

The test statistic nT}, (é) can have two different asymptotic distributions,
depending on the magnitudes of k¢ and y/n. Note that the asymptotic order
of kg is related to the convergence rate of 6 to 6. We next present several
examples to illustrate the asymptotic orders of kg and the corresponding
limiting distributions. For notational simplicity, we assume X; ~ N (0, %)
in the examples.

ExaMPLE 3.1. Consider the compound symmetry covariance structure
Yo = I, + 0(117 — 1) with 0 € (0,1) and let X; ~ N(0,%). It can be
shown that T = (p(p — 1))71117(10—1)1;7;(;)—1)7 tr(YT) = 26%(p — 2)(p — 3) +
4002+ 60)(p—2) + 202+ 1) and tr(T — YT)? < 4(0 — 62)%p(p — 1)(p — 2).
Then basic calculation shows that ko < /p. Consequently, if p/n — 0,
(n(n — 1)1 doiz WIW, is the leader term and we shall apply Theorem
3.1(i); in contrast, if n/p — 0, n=2 >0 WIYW, is the leader term and the
Lindeberg condition holds, then we shall apply Theorem 3.1(i). ]

EXAMPLE 3.2.  Consider the exponential covariance class ¥o = {(0jk,0(0))pxp :
0jk0(0) = 0rexp (—|j — k|/02) and 01,02 > 0} and let X; ~ N(0,%0). It can
be shown that tr(YT) < 1, tr(YT)? < 1 and tr(I' — YT')2 < 1. Then kg < 1.
Thus, ko/v/n — 0, (n(n—1))7* > WZIW, is the leader term and we shall
apply Theorem 3.1(i). O

ExAMPLE 3.3.  Consider the rational quadratic covariance structure Yo =
{(0j5.0(0))pxp : Tjro(0) = (1 + 0710525 — k[2) /2 and 61,05 > 0} and let
X; ~ N(0,%). If 0 < 01 < 1/2, by elementary calculations, tr(YT) =
p?201 tr(YT)? < p=49 ) tr(T'2) < p*=491 and tr(T' — YT)2 < p*=491, Then
ko =< 1. On the other hand, if 61 > 1/2, then tr(YT) =< p>~4011og?(p) + 1,
tr(YT)? =< pS=80logh(p) + 1, tr(T?) =< p? and tr(T — YT)? < p?. This
leads to ko = p>~*911og?(p) +1/p. Thus, on both cases, ko/\/n — 0, (n(n —
1) ! >z WZIW, is the leader term and we shall apply Theorem 3.1(i). O
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Similar to Section 2.3, we can formulate a half sampling procedure. Let
05 (resp. ) be the least squares estimator of equation (3.2) via {X; }icn
(resp. {Xi}icpe). Define Jp(Sy,8) and Cp pe(Si, 6) with ojk0 in (2.13) and
(2.14) replaced by ajkyo(OAB) and Ujho(éBe). Similarly as (2.17) and (2.18),
we write the half sampling estimator and its stochastic approximation of the
distribution function of nT},(0) as Fé(t) and FL,é(t)’ respectively. A more
detailed version is provided in the appendix.

Thus, we have the following asymptotic property for the half-sampling
estimator Fé(t):

THEOREM 3.2.  Write Fy(t) := P(nT,(0) < t). Suppose Assumptions
2.1, 2.2 and 3.1 hold, and ||&11||atr2s < 00 where 0 < 6 < 1. If \/n/kop — 0,
then assume the Lindeberg condition (3.5) holds. If m = [n/2] — oo, then
under the null hypothesis Ho, in (3.1),

(3.7) s,ltlpmé(t) — Fy(t)| 5o,

Based on Theorem 3.2, at a given significance level 0 < o < 1, we propose
the test ®, 5 = 1(nTy(0) = yi_,), where yi_, is the (1 — a)th quantile
of F(t). In practice, we use y7 |_,, := inf{y : F} 45(y) > 1 — a} instead of
Y1_o- The null hypothesis Hy, is rejected whenever @, 0f = 1. Note that
our half sampling procedure is valid on both cases in Theorems 3.1. We shall
evaluate the numeric performance of the new test method in Section 5. It
is also worth noting that our test procedure ® 06 Can be applied to test
general parametric structures, and do not need to estimate the bias induced

by estimation of unknown parameters.

4. Testing a Given Substructure of the Precision Matrix. In this
section, we consider testing

Hoc : wji, = 0 for all (j,k) € S,

where S is the index set of the precision matrix {2 of interest. Under the
Gaussian graphical model framework, a submatrix of the precision matrix
characterizes the network of two groups. See De la Fuente (2010), Hudson,
Reverter and Dalrymple (2009), Ideker and Krogan (2012), Jia et al. (2011),
Li, Agarwal and Rajagopalan (2008), among others. In general, testing sub-
structure of ¥ is not directly useful for testing substructure of €. So it is
essential to work on the precision matrix directly, not the covariance matrix.

A natural approach to test Hy, is to first construct estimators of w;;, and
then base the test on the sum of squares of the entries in the index set S.
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In the high-dimensional setting, there is no sample precision matrix that
one can use to approximate 2. In this section, we assume p = o(n), then
we can use the inverse of sample covariance matrix as an estimate of the
precision matrix. That is, Q=3"1= (Wjk)j,k<p- We propose the following
test statistic for testing the null hypothesis Hy,

(4.1) Cn= Y @
(4,k)eS
The method in this paper does not take into account any structural informa-
tion, which can be useful in analyzing high-dimensional data in situations
that such information is not available.
Before studying the null distribution of G,,, we first introduce the follow-
ing regularity conditions.

ASSUMPTION 4.1 (Sub-Gaussian). Suppose &, 1 < i <n,1 <[ < N,
are 1.1.d mean 0 sub-Gaussian random variables with

Eexp (tf?l) < K < oo,

for some constant K >0 and t > 0.

ASSUMPTION 4.2.  Assume for some constant Ko > 0, KO_1 < Amin(2) <
Amax(Q) < Ko, where Apax(Q) and Apin(Q2) denote the largest and the small-
est eigenvalues of €1, respectively.

Assumption 4.2 on the eigenvalues is a common assumption in the high
dimensional setting, for instance, Xia, Cai and Cai (2015) and Xia, Cai and
Cai (2018). Note that this assumption is equivalent to Ky ' < Apin(Z) <
Amaux(z) < KO-

We now introduce some notation. Let W; = W(X,Sy), where Sy =
{(j,k) : 1 < 4,k < p}. Then denote the covariance matrix for W; as I' =

('Ya,a’)a,a’ESO' Let A = (A(m1,q1),(m2,q2))1§m1,m2,Q1,QQ§p with
A(m17QI)7(m27QZ) = Z Wijmq WimaWkqr Whqz »
j,keS
where § is the index set of the precision matrix 2 of interest. Define
W AW, — tr(AT)
|AL|

2+0

(4.2) ToT = E’

The following theorem states the asymptotic properties of G,. Let |S| be
the cardinality of S;let Ay > ... > Ap2 > 0 be eigenvalues of A2I'AY/2 and

fe = (52 AS)VE, k> 0. Then tx(AT) = f; and |AT|p = fo.
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THEOREM 4.1. Consider the linear process model X;; = ZfL bji&i.
1 < j < p, where & are i.i.d. and satisfy Assumption 4.1. Suppose that
Assumption 4.2 holds and 7, < co with 0 < 6 <1,0>0. (i) If 10//n — 0
and p*|S|f1/(nf3) — 0, then under the null hypothesis Ho.,

(4 3) P nén — f1 < p(pfl) )\d
. sup —<t|-P E —Mmg—=1)<t]|—0.
¢ fo = f

where ng are i.i.d. x3. (i) If vn/mo — 0, p*|S|f1/(78f3) — 0, and the
Lindeberg condition holds, i.e., for any e > 0,
E ‘ WlTAWI - fl
70.f2

2

1|W1AW1T—f1|Z\/5€Tof2> — 0,
then under the null Hy., we have the CLT

(4.4) Va(nGn = f1) N(0,1).
702

REMARK 4.1.  Assume X; ~ N(0,%). Then, under Assumption 4.2, by
elementary calculations, we have that E‘WlTAwl ‘2 = p?|S|%, f1 < p|S| and
f3 < p?|S|%. This leads to 9 = O(1). Thus, we shall apply Theorem 4.1(i).
Meanwhile, the allowed dimension p can be as large as p = o(n). ]

The estimation of AT is technically challenging, since correlations among
the estimates of the entries of wj, for (j, k) € S not only depend on the
entries within the submatrix, but also heavily depend on the entries outside
of it. To incorporate this dependency structure, we use the half sampling ap-
proach in previous sections. Let By, ..., By, be i.i.d. uniformly sampled from
the class B := {B : B C {1,...,n},|B| = m}, where m = [n/2]. Denote
the empirical precision matrix estimated by {X;}icp (resp. {X;}icpe) as
Q(B) := (wj,B) (resp. Q(B) := (wjk,pe)). Then we estimate the distribu-
tion function of Fg(t) := P(nG, < t) by

1

(4.5) Fo(t) = m Z 1m(1_m/n)(Z(j,k)es(wjk,B_"ij,BC)Q)St'
m/ BeB

Similarly as (2.18), define its stochastic approximation Ep,g(t). Our half-
sampling procedure is as follows.

(1) Generate a subset B of size m of {1,...,n}. Then compute the empirical
precision matrix estimation Q(B) and §2(B€), and obtain the half-
sampling test statistic m(1 —m/n) Z(j,k)es(wjk,B — Wjk,Be)?.
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(2) Repeat the above step independently L times (L > n) and collect all
the corresponding half-sampling test statistics.

(3) Construct half-sampling estimator F7, ¢(t), and calculate the (1 — a)-
quantile of Fy, o(t): Yi1 o =inf{y: Fraly)>1—a}.

The test for Hy. is then defined as ®., = 1(nC¥n > yzl_a). We shall
reject the null hypothesis {{00 at Alevel a, whenever ®., = 1. Besides, p-
value can be estimated as Fr, g(nGy).

5. Simulation Studies. In this section, we shall evaluate the numerical
performance of the proposed methods based on the tests ®,q, ®40,0 and
Py, o, for two subvectors (c.f. Appendix A). All these testing procedures use
the half sampling approach. In practice, we recommend the sample size n >
20 and resampling replications should be at least 1000. As other resampling
methods, the computational cost of our procedure is high. The test ®,
is compared with several other tests, including the test given in Qiu and
Chen (2012) which is based on the sum-of-squares type statistics and the
test proposed in Chernozhukov, Chetverikov and Kato (2013) which uses
Gaussian Multiplier Bootstrap, and is based on the maximum deviation
type statistics. These tests are denoted respectively by Qiu-Chen and CCK
in the rest of this section. The test ®, ¢ is compared with a sum-of-squares
type statistic given in Zhong et al. (2017), which is denoted as ZLST. For
the test @, it is compared with CCK only. More simulation results are
given in the supplemental material.

We first consider the test for Ho, : 0j; = ojr0 for all (j,k) € Si. To
compare with the tests for the banded X proposed by Qiu and Chen (2012),
we consider the case o0 = 0 for all (j,k) € S1. The following model under
the null, o, = 0 for all (j, k) € Si, is used to study the size of the tests:

(51) Xz'j = \/AjZija 1= 1, ...,n,j = 1, s Dy

where A; = /p - Unif(0.5,2.5) for j = 1,2, otherwise, A; = Unif(0.5,2.5)
for j =3,...,p.

To evaluate the power, we generate multivariate random vector X; =
(Xi1,- -+, Xip) independently according to the moving average model,

(52) Xij = \/Aj(Zi,j + BZi,j—l—l)u 7= 1, ...,n,j =1, ey D,

where three distributions are assigned to the i.i.d. Z;;: (i) standard normal;
(ii) centralized Gamma(4,1); and (iii) the student ¢5. The last two cases are
designed to assess the performance under non-normality and heavy tails.
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TABLE 1
Empirical sizes for Hoq : 0k = 0jk,0 for all j # k at 5% significance, based on 2000
replications with normal, gamma and student-t innovations in Model (5.1)

D Proposed Test g o Qiu-Chen CCK
n 20 50 100 20 50 100 20 50 100

Normal

32 0.050 0.055 0.044 0.027 0.025 0.024 0.026  0.020 0.022
64 0.048 0.053 0.057 0.026  0.025 0.028 0.023 0.024 0.029
128 0.061 0.052 0.049 0.027 0.026 0.017 0.019 0.025 0.016
256 0.053 0.054 0.053 0.019 0.024 0.034 0.020 0.020 0.025
512 0.061 0.052 0.052 0.028 0.026 0.019 0.029 0.020 0.018
1024 0.055 0.053 0.048 0.017 0.030 0.022 0.020 0.032 0.024
Gamma

32 0.042 0.048 0.049 0.025 0.034 0.028 0.023 0.024 0.017
64 0.048 0.055 0.048 0.020 0.023 0.017 0.018 0.022 0.021
128 0.054 0.053 0.056 0.021 0.028 0.018 0.020 0.015 0.022
256 0.062 0.051 0.054 0.035 0.025 0.023 0.016 0.019 0.019
512 0.051 0.051 0.049 0.025 0.026 0.022 0.014 0.027 0.018
1024 0.056 0.054 0.050 0.022  0.022 0.020 0.018 0.020 0.017
Student ¢

32 0.041 0.049 0.050 0.023 0.024 0.022 0.014 0.029 0.018
64 0.051 0.048 0.050 0.020 0.020 0.021 0.019 0.022 0.022
128 0.053 0.047 0.052 0.017 0.018 0.030 0.014 0.018 0.024
256 0.054 0.053 0.062 0.032 0.025 0.024 0.025 0.022 0.023
512 0.050 0.054 0.044 0.012 0.022 0.019 0.014 0.027 0.028
1024 0.043 0.057 0.054 0.025 0.016 0.024 0.028 0.016 0.017

We choose a set of data dimensions p = 32,64, 128,256,512, 1024, while
the sample size is n = 20, 50, 100, respectively. The nominal significance level
for all the tests is set at & = 0.05. The empirical size and power of the tests,
reported in Tables 1 and 2, are estimated from 2000 replications.

It can be seen from Table 1 that the estimated sizes of our proposed
test @, are close to the nominal level 0.05 in all the cases. And the size
is not sensitive to the dimensionality indicated by its robust performance.
This reflects the fact that the null distribution of the test statistic is well
approximated by our half-sampling approach. The empirical sizes using Qiu
and Chen (2012) (Qiu-Chen) or Chernozhukov, Chetverikov and Kato (2013)
(CCK) encounter serious size distortion. The actual sizes are around 0.02 for
both tests. This phenomenon is expected as the Qiu-Chen test is constructed
based on the asymptotic normality (cf. (2.12)), which is no longer valid for
model (5.1) due to the fact that tr(3?%) < tr?(%?) < p? and px, 4 0, and the
CCK based test works for sparsity scenario.

The power results in Table 2 show that the proposed test has a much
higher power than the other tests in all settings. The results show clearly
that the powers of all these test improves with the sample size increases.
However, the power of the Qiu-Chen test deteriorates as the dimension p
grows. Overall, the new test significantly outperforms the other two tests.
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TABLE 2
Empirical powers for Hoq : 0ji = 0jk,0 for all j # k at 5% significance, based on 2000
replications with normal, gamma and student-t innovations in Model (5.2)

D Proposed Test g o Qiu-Chen CCK
n 20 50 100 20 50 100 20 50 100

Normal

32 0.255 0.590  0.903 0.176  0.507 0.863 0.192 0.539 0.852
64 0.264 0.580 0.890 0.169 0.474 0.837 0.190 0.523 0.855
128 0.266  0.608 0.924 0.164 0.462 0.820 0.194 0.527 0.879
256 0.260 0.596 0.910 0.168 0.444 0.793 0.197 0.525 0.843
512 0.253  0.581 0.892 0.173  0.467 0.786 0.173 0.552  0.858
1024 0.275 0.619 0.912 0.177 0.471 0.817 0.196 0.515 0.840
Gamma

32 0.250  0.587  0.907 0.176  0.486 0.824 0.182 0.501 0.834
64 0.243 0.579 0.929 0.171  0.469 0.803 0.178 0.504 0.857
128 0.252  0.597 0.896 0.164 0.472 0.793 0.186 0.521 0.834
256 0.263 0.588 0.919 0.168 0.454  0.800 0.192 0.513 0.856
512 0.260 0.593  0.906 0.150 0.446 0.826 0.191 0.488 0.841
1024 0.248 0.602 0.910 0.139 0.481 0.814 0.178 0.498 0.846
Student ¢

32 0.263  0.587  0.890 0.173 0.515 0.843 0.161 0.478 0.795
64 0.240 0.573  0.892 0.168 0.480 0.835 0.161 0.481 0.806
128 0.264 0.599 0.913 0.173  0.469 0.791 0.169 0.484 0.783
256 0.248 0.590 0.908 0.167 0.470 0.777 0.170  0.483 0.799
512 0.253 0.584 0.887 0.176  0.455 0.791 0.169 0.479 0.781
1024 0.267 0.606  0.891 0.180 0.466 0.786 0.162 0.483 0.778

Next, we conduct two simulation studies (Example 3.1 and Example 3.3)
to evaluate the finite sample performance of the test ®, ¢ for Ho, : 0j; =
0jk0(0) for all (j,k) € S;. Data dimension p is chosen to be 60, 120, 240,
480, 720, 960, and the sample size is n = 60, 120. The empirical size and
power of the tests at the nominal level 0.05 and 0.01 are reported in Tables
3,4, 5 and 6, based on 2000 replications and 10000 replications, respectively.
We also compare our test statistic ®, o9 with the ZLST test proposed by
Zhong et al. (2017) for Gaussian data.

The null hypothesis for testing compound symmetry covariance structure
is

(5.3) Ho,: %o = I, +0(117 —1,), 6 (0,1).

We generate multivariate random vector X; according to the following mod-
el:

ij :6Xl,j—1+\/§f2+ (1_52)(1_9)6237 221)7”7]:177]7)

where Xjo, f; and ¢;; are i.i.d. and have mean 0, variance 1. We consider
three setups for the distribution of X, f; and €;;: (i) standard normal; (ii)
standardized Gamma(4,1); and (iii) standardized student t5. To study the
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size of the test, we generate the data by setting 6 = 0 and 8 = 0.15. In
contrast, we generate the data by setting § = 0.4 and 6 = 0.15, to access
the power of the test.

TABLE 3
Empirical sizes and powers for testing compound symmetry covariance structure in (5.3)
at 5% significance, based on 2000 replications with normal, gamma and student-t

mnovations
Normal Gamma Student ¢
p Pya0 ZLST Paa0 Paa0
n 60 120 60 120 60 120 60 120

size

60 0.055 0.052 0.054 0.041 0.042 0.054 0.040 0.059
120 0.048 0.053 0.055 0.061 0.041 0.046 0.061  0.046
240 0.053 0.054 0.064 0.046 0.059 0.053 0.049 0.050
480 0.054 0.046 0.056 0.062 0.049 0.056 0.044 0.047
720 0.046 0.047 0.062 0.042 0.046 0.044 0.059  0.048
960 0.047 0.053 0.058 0.063 0.052  0.049 0.053  0.051
power

60 0.918 1.000 0.863 1.000 0.878  1.000 0.856  1.000
120 0.773 1.000 0.715 0.995 0.749  0.999 0.733  0.992
240 0.606 0.934 0.556 0.915 0.566  0.939 0.558 0.928
480 0.532 0.816 0.452 0.756 0.484 0.768 0.493 0.756
720 0.476 0.696 0.417 0.631 0.455 0.703 0.465  0.687
960 0.433 0.625 0.378 0.585 0.400 0.616 0.404 0.610

Another example is to test the rational quadratic covariance structure
(5.4)  Hoa: 0jko(0) = (1+ 62]5 — k[2)™%/2, 6, > 0,05 > 0.

We generate random samples from multivariate model X; = I'xZ;, with
I'xI'y = X(0). The components of Z; = (Z;1, ..., Zip)" are i.i.d. We consider
the following covariance structure ¥y(0),

oik0(0) = (1= 0)(1+0lj — k)02 5. 0407 1<k <p,

where 0 < 0 < 1 and 61,02 > 0. Similarly, three distributions Z;; are
concerned: (i) standard normal; (ii) standardized Gamma(4,1); and (iii) s-
tandardized student t5. To study the size of the test, we generate the data
by setting 6 = 0, §; = 0.4 and 0> = 0.4. In contrast, we generate the data
by setting 6 = 0.4, 81 = 0.4 and 63 = 0.4, to evaluate the power of the test.

It can be seen from Tables 3 and 5 that both our test ®,, and ZLST
test control the size very well at the nominal level 0.05, for both examples.
The results in Tables 4 and 6 show that the estimated sizes of our new
test @, o ¢ are close to the nominal level 0.01 in all the cases. For compound
symmetry covariance structure, the estimated sizes of ZLST test are close to
the nominal level 0.01 only when n = 120. When n = 60, ZLST test leads to
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TABLE 4
Empirical sizes and powers for testing compound symmetry covariance structure in (5.3)
at 1% significance, based on 10000 replications with normal, gamma and student-t

innovations
Normal Gamma Student ¢
p q>a,oz,9 ZLST q>a,o¢,9 (I’a,a,e
n 60 120 60 120 60 120 60 120

size

60 0.0089 0.0114 0.0127 0.0113 0.0101  0.0079 0.0084  0.0093
120 0.0093 0.0121 0.0126 0.0111 0.0100  0.0104 0.0105 0.0107
240 0.0096 0.0088 0.0137 0.0110 0.0112  0.0096 0.0097  0.0095
480 0.0104 0.0112 0.0153 0.0116 0.0079  0.0116 0.0087  0.0109
720 0.0085 0.0094 0.0161 0.0103 0.0111  0.0105 0.0117  0.0092
960 0.0107 0.0096 0.0174 0.0121 0.0102  0.0103 0.0108 0.0102
power

60 0.807 1.000 0.779 0.999 0.794 1.000 0.780 1.000
120 0.645 1.000 0.580 0.980 0.628 0.994 0.622 0.989
240 0.455 0.889 0.408 0.845 0.449 0.857 0.436 0.845
480 0.354 0.679 0.305 0.623 0.342 0.667 0.337 0.669
720 0.325 0.558 0.298 0.499 0.309 0.528 0.305 0.536
960 0.282 0.516 0.251 0.460 0.273 0.499 0.261 0.483

TABLE 5

Empirical sizes and powers for testing rational quadratic covariance structure in (5.4) at
5% significance, based on 2000 replications with normal, gamma and student-t

innovations
Normal Gamma Student ¢
p q>a,a,9 ZLST (I)a,a,e (I’a,a,e
n 60 120 60 120 60 120 60 120

size

60 0.042 0.049 0.056 0.040 0.060  0.049 0.053  0.047
120 0.051  0.047 0.045 0.048 0.047 0.053 0.043  0.058
240 0.049 0.053 0.046 0.047 0.043 0.045 0.044 0.054
480 0.049 0.054 0.059 0.045 0.044 0.045 0.048 0.048
720 0.046 0.045 0.056 0.053 0.058  0.047 0.052  0.043
960 0.056 0.051 0.051 0.048 0.050 0.053 0.051  0.047
power

60 0.226 0.498 0.090 0.311 0.221  0.530 0.228 0.485
120 0.234 0.633 0.099 0.389 0.240 0.610 0.261  0.608
240 0.270 0.717 0.126  0.457 0.311 0.701 0.289 0.691
480 0.339 0.779 0.124 0.498 0.317 0.761 0.348 0.780
720 0.385 0.848 0.135 0.525 0.357  0.809 0.376  0.844

960 0.465 0.903 0.143 0.562 0.431 0.884 0.457  0.923
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TABLE 6
Empirical sizes and powers for testing rational quadratic covariance structure in (5.4) at
1% significance, based on 10000 replications with normal, gamma and student-t

innovations
Normal Gamma Student ¢
p ‘I)a,a,g ZLST q>a,(1,9 {)a,a,e
n 60 120 60 120 60 120 60 120

size

60 0.0111  0.0113 0.0190 0.0231 0.0087  0.0117 0.0079  0.0125
120 0.0088 0.0104 0.0196 0.0184 0.0089 0.0120 0.0104 0.0088
240 0.0111  0.0097 0.0176 0.0170 0.0107  0.0103 0.0086  0.0084
480 0.0106 0.0114 0.0177 0.0161 0.0097 0.0101 0.0098 0.0102
720 0.0096 0.0097 0.0169 0.0141 0.0113 0.0110 0.0095  0.0097
960 0.0102 0.0093 0.0171 0.0168 0.0105  0.0096 0.0099  0.0096
power

60 0.082 0.256 0.028 0.137 0.093 0.267 0.072 0.248
120 0.096 0.369 0.032 0.177 0.100 0.355 0.095 0.318
240 0.138 0.428 0.036 0.230 0.135 0.425 0.129 0.421
480 0.182 0.466 0.039 0.260 0.164 0.465 0.173 0.446
720 0.232 0.507 0.046 0.276 0.205 0.498 0.218 0.499
960 0.302 0.556 0.051 0.298 0.264 0.545 0.281 0.549

an inflatted size at the nominal level 0.01. For rational quadratic covariance
structure, ZLST test suffers from the size distortion at the nominal level 0.01,
the actual sizes are around 0.02. This reflects that our proposed method has
more accurate small tail probabilities than ZLST test.

The power results show that the proposed test has a higher power than
ZLST test in all settings, especially for rational quadratic covariance struc-
ture. It can be seen in Tables 3 and 4 that the estimated powers of both tests
tend to decrease when the dimension p increases. However, for the rational
quadratic covariance structure in Tables 5 and 6, the estimated powers rise
as the dimension p increases. Overall, for both examples, the new test ®, ¢
significantly outperforms ZLST test.

We then conduct simulations to evaluate the performance of the test for
Hy, @ X12 = Y120, where Y12 is pre-assigned. We partition equally the
entire random vector X; into two subvectors of p; = p/2 and py = p — p1.
Without loss of generality, we shall always take 312 = 0 in the simulations.
Factor models for X;; are considered. In the size evaluation, the following
linear factor model is considered:

bl fir + €ij, 1<j<p,

(5.5) Xij = .
blafio + €ij, m+1<j<p,

where b;1,bj0 are vectors of factor loadings, fi1, fi2 is a 2 x 1 vector of
common factors and €;; is the error term, f;1, fi2 and ¢;; are independent.
All elements of bj; and bjo, j = 1,...,p, are chosen from Unif(0.5,2.5).
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In the simulation for the power, we generate the sample from the following
factor model.

b1y fir + pfis + €ij, 1<j<p,

(5.6) Xij = ,
Y blyfiz + pfis + €ij, pr+1<j<p,

where f;3 is a 1 x 1 common factor and f;1, fi2, fi3 and €;; are indepen-
dent. In this study, p is chosen to be 1.5. Same distributions are consid-
ered for i.i.d sequences f;1,fio, fiz and (eij)gzl. The sample sizes are tak-
en to be n = 20,50,100, while the dimension p varies over the values
32,64,128,256,512,1024. The simulation results for the second test are re-
ported in Tables 7 and 8, based on 2000 replications.

TABLE 7
Empirical sizes for Hop : Y12 = 0 at 5% significance, based on 2000 replications with
normal, gamma and student-t innovations in Model (5.5)

p Proposed Test @y CCK
n 20 50 100 20 50 100

Normal

32 0.056  0.048 0.049 0.011  0.020 0.027
64 0.045 0.057 0.043 0.012 0.015 0.018
128 0.053 0.052 0.063 0.012 0.020 0.021
256 0.054 0.059 0.049 0.009 0.012 0.023
512 0.062 0.053 0.057 0.008 0.018 0.019
1024 0.055 0.049 0.055 0.004 0.014 0.019
Gamma

32 0.058 0.055 0.060 0.007 0.018 0.026
64 0.055 0.052 0.054 0.006 0.015 0.025
128 0.052 0.046 0.044 0.008 0.015 0.020
256 0.046 0.054 0.046 0.007 0.013 0.019
512 0.059 0.055 0.050 0.003 0.013 0.017
1024 0.053 0.045 0.049 0.003 0.012 0.016
Student ¢

32 0.052 0.054 0.044 0.015 0.013 0.014
64 0.057 0.051 0.051 0.011 0.013 0.016
128 0.054 0.045 0.048 0.012 0.013 0.018
256 0.051  0.045 0.048 0.009 0.010 0.017
512 0.055 0.046 0.048 0.003 0.006 0.010
1024 0.060 0.047 0.054 0.001 0.004 0.008

Table 7 reports the empirical sizes of the proposed test ®; ,, (c.f. Appendix
A) and the CCK test for the factor model at the 5% significance level. For
each choice of p and n, it can be seen that the estimated sizes are reasonably
close to the nominal level 0.05 for the proposed test, whereas the sizes of
the CCK test tend to be smaller than the nominal level. It is observed that
the empirical sizes of the CCK test decreases with p, but increases with n.

Table 8, which compares the powers, shows that the new test ®;, uni-
formly and significantly outperforms the CCK test over all choices of n and
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TABLE 8
Empirical powers for Hop : Y12 = 0 at 5% significance, based on 2000 replications with
normal, gamma and student-t innovations in Model (5.6)

p Proposed Test @y, o CCK
n 20 50 100 20 50 100

Normal

32 0.263 0.624 0.923 0.075 0.279 0.764
64 0.274 0.608 0.916 0.060 0.257 0.595
128 0.256  0.619 0.910 0.049 0.266 0.573
256 0.263 0.621 0.916 0.045 0.234 0.553
512 0.273 0.616  0.902 0.034 0.238 0.522
1024 0.270  0.637  0.910 0.022 0.225 0.501
Gamma

32 0.252 0.627 0.893 0.059 0.247 0.661
64 0.259 0.630 0.898 0.045 0.226  0.567
128 0.240 0.633  0.883 0.037 0.201  0.509
256 0.265 0.627  0.907 0.022 0.178 0.508
512 0.248 0.611 0.901 0.022 0.174 0.482
1024 0.256  0.628 0.918 0.016 0.133 0.402
Student ¢

32 0.258 0.610 0.864 0.053 0.268 0.658
64 0.248 0.619 0.873 0.038 0.226  0.517
128 0.244 0.634 0.876 0.022 0.169 0.493
256 0.267 0.611  0.870 0.016 0.140 0.415
512 0.249 0.626 0.859 0.010 0.106 0.353
1024 0.266  0.605 0.886 0.003 0.071 0.289

p. We also observed that the powers of the CCK test improves with the
sample size, but deteriorates as the dimension p increases in our simulation
setting.

Acknowledgement. We are grateful to the referees, an Associate Edi-
tor and the Editor for their many helpful comments. We would also like to
thank Dr. Danna Zhang for helpful comments and discussions.

References.

ANDERSON, T. W. (2003). An Introduction to Multivariate Statistical Analysis. Wiley
Series in Probability and Statistics. Wiley, New York.

ARRAS, B., MIJOULE, G., PoLy, G. and SWAN, Y. (2016). A new approach to the Stein-
Tikhomirov method: with applications to the second Wiener chaos and Dickman con-
vergence. arXiv preprint arXiv:1605.06819.

BaAl, Z., JIANG, D., Yao, J.-F. and ZHENG, S. (2009). Corrections to LRT on large-
dimensional covariance matrix by RMT. Ann. Statist. 37 3822-3840.

BaupoT, A., DE LA TORRE, V. and VALENCIA, A. (2010). Mutated genes, pathways and
processes in tumours. EMBO reports 11 805-810.

BENDAT, J. S. (1990). Nonlinear system analysis and identification from random data.
Wiley-Interscience.

BICKEL, P. J. and LEVINA, E. (2008). Covariance regularization by thresholding. Ann.
Statist. 36 2577-2604.



30 Y. HAN, W.B. WU

BURKHOLDER, D. L. (1988). Sharp inequalities for martingales and stochastic integrals.
Astérisque 157 75-94.

Car, T. T. and Jiang, T. (2011). Limiting laws of coherence of random matrices with
applications to testing covariance structure and construction of compressed sensing
matrices. Ann. Statist. 39 1496-1525.

Car, T. T. and MA, Z. (2013). Optimal hypothesis testing for high dimensional covariance
matrices. Bernoulli 19 2359-2388.

Ca1, T. T., Ma, Z. and Wu, Y. (2015). Optimal estimation and rank detection for sparse
spiked covariance matrices. Probab. Theory Related Fields 161 781-815.

Ca1, T. T., ZHANG, C.-H. and ZHou, H. H. (2010). Optimal rates of convergence for
covariance matrix estimation. Ann. Statist. 38 2118-2144.

CasTl, J. L. (1985). Nonlinear system theory 175. Academic Press.

CHATTERJEE, S. (2008). A new method of normal approximation. Ann. Probab. 36 1584—
1610.

CHEN, S. X. and QIN, Y.-L. (2010). A two-sample test for high-dimensional data with
applications to gene-set testing. Ann. Statist. 38 808-835.

CHEN, S. X., ZHANG, L.-X. and ZHONG, P.-S. (2010). Tests for high-dimensional covari-
ance matrices. J. Amer. Statist. Assoc. 105 810-819.

CHERIF, I. and FNAIECH, F. (2015). Nonlinear System Identification with a Real-Coded
Genetic Algorithm (RCGA). Int. J. Appl. Math. Comput. Sci. 25 863-875.

CHERNOZHUKOV, V., CHETVERIKOV, D. and KaATO, K. (2013). Gaussian approximations
and multiplier bootstrap for maxima of sums of high-dimensional random vectors. Ann.
Statist. 41 2786—2819.

Covrussi, D., BRaNDI, G., BAzzoLl, F. and RICCIARDIELLO, L. (2013). Molecular path-
ways involved in colorectal cancer: implications for disease behavior and prevention.
International journal of molecular sciences 14 16365-16385.

DE LA FUENTE, A. (2010). From ’differential expression’ to ’differential networking’—
identification of dysfunctional regulatory networks in diseases. Trends in genetics 26
326-333.

DEMMEL, J. W. (1997). Applied numerical linear algebra 56. Siam.

FaN, J., FAN, Y. and Lv, J. (2008). High dimensional covariance matrix estimation using
a factor model. J. Econometrics 147 186-197.

FaN, J., L1A0, Y. and MINCHEVA, M. (2013). Large covariance estimation by thresholding
principal orthogonal complements. J. R. Stat. Soc. Ser. B. Stat. Methodol. 75 603—680.

FURRER, R. and BENGTSSON, T. (2007). Estimation of high-dimensional prior and pos-
terior covariance matrices in Kalman filter variants. J. Multivariate Anal. 98 227-255.

GNEITING, T., KLEIBER, W. and SCHLATHER, M. (2010). Matérn Cross-Covariance Func-
tions for Multivariate Random Fields. J. Amer. Statist. Assoc. 105 1167-1177.

HE, J. and CHEN, S. X. (2016). Testing super-diagonal structure in high dimensional
covariance matrices. J. Econometrics 194 283-297.

HE, J. and CHEN, S. X. (2018). High-dimensional two-sample covariance matrix testing
via super-diagonals. Statist. Sinica 28 2671-2696.

HEDAYAT, A., WALLIS, W. D. et al. (1978). Hadamard matrices and their applications.
Ann. Statist. 6 1184-1238.

HIMENO, T. and YAMADA, T. (2014). Estimations for some functions of covariance matrix
in high dimension under non-normality and its applications. J. Multivariate Anal. 130
27-44.

Hupson, N. J., REVERTER, A. and DALRYMPLE, B. P. (2009). A differential wiring
analysis of expression data correctly identifies the gene containing the causal mutation.
PLoS computational biology 5 €1000382.



TEST FOR HIGH DIMENSIONAL COVARIANCE MATRICES 31

IDEKER, T. and KROGAN, N. J. (2012). Differential network biology. Molecular systems
biology 8 565.

Jia, P., Kao, C.-F., Kvo, P.-H. and ZHAO, Z. (2011). A comprehensive network and
pathway analysis of candidate genes in major depressive disorder. BMC systems biology
5 S12.

JIANG, T. (2004). The asymptotic distributions of the largest entries of sample correlation
matrices. Ann. Appl. Probab. 14 865-880.

JonN, S. (1971). Some optimal multivariate tests. Biometrika 58 123-127.

JoHN, S. (1972). The distribution of a statistic used for testing sphericity of normal
distributions. Biometrika 59 169-173.

KavLouptsipis, N. and Koukouras, P. (2005). Blind identification of Volterra-
Hammerstein systems. IEEE Trans. Signal Process. 53 2777-2787.

KELLEY, R. and IDEKER, T. (2005). Systematic interpretation of genetic interactions using
protein networks. Nature biotechnology 23 561-566.

LeporT, O. and WoLF, M. (2002). Some hypothesis tests for the covariance matrix when
the dimension is large compared to the sample size. Ann. Statist. 30 1081-1102.

L1, Y., AGARWAL, P. and RAJAGOPALAN, D. (2008). A global pathway crosstalk network.
Bioinformatics 24 1442-1447.

L1, J. and CHEN, S. X. (2012). Two sample tests for high-dimensional covariance matrices.
Ann. Statist. 40 908-940.

MASSART, P. (1990). The Tight Constant in the Dvoretzky-Kiefer-Wolfowitz Inequality.
Ann. Probab. 18 1269-1283.

ONATSKI, A., MOREIRA, M. J. and HALLIN, M. (2013). Asymptotic power of sphericity
tests for high-dimensional data. Ann. Statist. 41 1204-1231.

ONATSKI, A., MOREIRA, M. J. and HALLIN, M. (2014). Signal detection in high dimension:
The multispiked case. Ann. Statist. 42 225-254.

Pourtis, D. N., ROoMANO, J. P. and WoLF, M. (1999). Subsampling. Springer series in
statistics. Springer-Verlag, New York.

POURAHMADI, M. (2013). High-Dimensional Covariance Estimation. John Wiley & Sons,
Inc.

PRIESTLEY, M. B. (1988). Non-linear and non-stationary time series analysis. Academic
press.

Qiu, Y. and CHEN, S. X. (2012). Test for bandedness of high-dimensional covariance
matrices and bandwidth estimation. Ann. Statist. 40 1285-1314.

RAsMUSSEN, C. E. and WiLL1aMS, C. K. (2006). Gaussian Processes for Machine Learn-
ing. MIT press Cambridge.

REN, Z., SuN, T., ZHANG, C.-H. and ZHou, H. H. (2015). Asymptotic normality and
optimalities in estimation of large Gaussian graphical models. Ann. Statist. 43 991—
1026.

Ri10, E. (2009). Moment inequalities for sums of dependent random variables under pro-
jective conditions. J. Theoret. Probab. 22 146-163.

RuagH, W. J. (1981). Nonlinear system theory. Johns Hopkins University Press Baltimore.

SABATES-BELLVER, J., VAN DER FLIER, L. G., DE PALO, M., CATTANEO, E., MAAKE, C.,
REHRAUER, H., LAczko, E., Kurowskl, M. A., BUJNICKI, J. M., MENIGATTI, M.
et al. (2007). Transcriptome profile of human colorectal adenomas. Molecular cancer
research 5 1263-1275.

SCHETZEN, M. (1980). The Volterra and Wiener theories of nonlinear systems. Wiley.

STEIN, M. L. (1999). Statistical Interpolation of Spatial Data: Some Theory for Kriging.
Springer, New York.

VERSHYNIN, R. (2012). How close is the sample covariance matrix to the actual covariance



32 Y. HAN, W.B. WU

matrix? J. Theoret. Probab. 25 655-686.

WIESEL, A., BiBI, O. and GLOBERSON, A. (2013). Time Varying Autoregressive Moving
Average Models for Covariance Estimation. IEEE Trans. Signal Process. 61 2791-2801.

Wu, C. F. J. (1990). On the Asymptotic Properties of the Jackknife Histogram. Ann.
Statist. 18 1438-1452.

Wu, W. B., Lou, Z. and HAN, Y. (2018). Hypothesis Testing for High-Dimensional
Data. In Handbook of Big Data Analytics (W. K. Hérdle, H. H.-S. Lu and X. Shen,
eds.) Springer International Publishing, Springer.

Wu, W. B. and POURAHMADI, M. (2009). Banding sample autocovariance matrices of
stationary processes. Statist. Sinica 19 1755-1768.

X1A, Y., Car, T. and Car, T. T. (2015). Testing differential networks with applications
to the detection of gene-gene interactions. Biometrika 102 247-266.

X1a, Y., Car, T. and Ca1, T. T. (2018). Multiple Testing of Submatrices of a Precision
Matrix with Applications to Identification of Between Pathway Interactions. J. Amer.
Statist. Assoc. 113 328-339.

X1a0, H. and Wu, W. B. (2013). Asymptotic theory for maximum deviations of sample
covariance matrix estimates. Stochastic Process. Appl. 123 2899-2920.

Xu, M., ZHANG, D. and Wu, W. B. (2014). L? Asymptotics for High-Dimensional Data.
arXiv preprint arXiv:1405.7244.

YARLAGADDA, R. K. and HERSHEY, J. E. (2012). Hadamard matriz analysis and synthe-
sis: with applications to communications and signal/image processing. Springer Science
& Business Media.

ZHANG, R., PENG, L. and WANG, R. (2013). Tests for covariance matrix with fixed or
divergent dimension. Ann. Statist. 41 2075-2096.

ZHENG, S., Bal, Z. and YAO, J. (2015). Substitution principle for CLT of linear spectral s-
tatistics of high-dimensional sample covariance matrices with applications to hypothesis
testing. Ann. Statist. 43 546-591.

ZHONG, P.-S., LaN, W., Song, P. X. K. and Tsa1, C.-L. (2017). Tests for Covari-
ance Structures with High-dimensional Repeated Measurements. Ann. Statist. 45 1185—
1213.



TEST FOR HIGH DIMENSIONAL COVARIANCE MATRICES 33

SUPPLEMENTARY MATERIAL TO “TEST OF HIGH
DIMENSIONAL COVARIANCE STRUCTURES”

By YueEreENG HAN AND WEI Bi1ao Wu

University of Chicago

In this supplementary material, we shall provide testing covariance be-
tween two subvectors, power analysis, real data analysis, additional simu-
lations, the proofs of main results in the paper and some lemmas that are
useful in proofs of the paper.

The readers are referred to Appendix A for properties of the test for the
off-diagonal sub-matrix. Power evaluations are presented in Appendix B. A
real data example is illustrated in Appendix C. Appendix D includes more
simulation results. All technical details are relegated to Appendix E.

We first formally define Jp(S1,0) and Cp pe(S1,8) in Section 3 of the
paper. Let B C {1,2,...,n}, B¢ = {1,...,n}\B, and |B| = |B¢| = m = n/2.
Define respectively:

JB(S1,0) = > Ru(B,9),
(4,k)ESL
Cppe(81,0) = Y Njy(B, B9),
(j’k)e’sl
and
A 1 - 2 u
R;jk(B,0) = o Y Xij Xk Xiaj Xigk — m(m —1)(m —2) D X Xini Xigk Xigh
i1,i2€B 11,12,i3€B
1
+ > X Xy Xigk Xigk
m(m — 1)(m —2)(m — 3) iy eB
2 = 2 :
+0jk0(0B) — —0jk0(05) Z Xiyj Xiyk + majk,ﬁ(eB) | Z Xi1j Xigk-
i1€B 11,i2€DB
N;i(B, B, 0 A = Z XiyjXik — ( 1 Z Xiyj Xigk = 0jk, 0(93)
zleB i1,i2€B
! Z X X (6p¢)
i3j<Yigk — — — — i3j< N igk — O-jk:,O B¢ )
’L3€BC 7'L m)(n m 1) i3,i4E€ B¢
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where 05 (resp. éBc) is the least squares estimator of equation (3.1) via
{Xi}ien (vesp. {Xi}iene).

APPENDIX A: TESTING COVARIANCE BETWEEN TWO
SUBVECTORS

Consider partition of data vector X into two subvectors of dimension p;

X
X — <1)) ,
<X<2>>
<X(1>> ,
X(2)

Y11 212)
Y= .
<E21 Y22
In this section, we intend to test Hop : Y12 = X120 vs Hip @ X12 # X120,
where Y19 is pre-assigned. Recall (2.2) for M,j,. With the same considera-

tions as we proposed for the estimator T,,, it can be checked that an unbiased
estimator of tr(X9 — 21270)2 is @ = Ts, with

and po, i.e.,

and the partition of ¥ by

(A1) Qn = Z My, where So = {(j,k) : 1 <j <pi,p1 +1 <k < p}.

Testing for subvectors was also considered in Li and Chen (2012) in the
case of the two samples. They only established asymptotic normality un-
der a restrictive condition on the covariances, however, our approximating
distribution is more general.

Denote U; = W(X;,Ss) and U,, = >oi 1 U;/n. Then the covariance ma-
trix 2 = (Ya,o/ Jaores, for Ui is pipe X p1ps with entries v, o given in (2.5).
The square of Frobenius norm of = is

EF= Y vew = EUUT)f.

a,a €So

Then, a strategy similar to the previous section is to derive asymptotic
distribution of @Q,,, construct a half-sampling estimator of the empirical dis-
tribution of nQ),, and use it to develop a test procedure.

AssuMPTION A.1. For some constant C' > 0,

(AZ) ‘E‘% >C (tr(E%l)tr@%Q) + tr2(212221))) .
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This condition is similar to Assumption 2.2 in the paper.
Then @), can be approximated by a linear combination of x? random
variables, given in the following theorem.

THEOREM A.1. Under Assumption 2.1 and A.1, suppose ||&11|la+25 < 00
where 0 < § < 1, if Hy, holds, then

HQ pip2 0
P( "< t) - P (Z f,ﬁf (na—1) < t) ‘ = O(n~2/010+49),
SR
d=1

-
1=|F

(A.3) sup
t

where 01 > ... > 0p,p, > 0 are eigenvalues of = and ngq are i.i.d. X%-

Similar to the analysis on T n, the approximating distribution of Qn under
alternatives can be established in the following corollaries.

COROLLARY A.1l.  Suppose ||&11]|a+25 < 00 with 0 < 0 < 1. Assume that
tr(Z12 — $12,0)%/|E|F = O(1). Under Assumption 2.1 and A.1, we have that
(A4)

sup — O(n—d/(10+45))7

t

b <n©n . t) b <<Z +z)(Z + V) — () _ t)

— —
1=|F 1=|F

where Z ~ N(0,E) and pz = (Ul,p1+1_01,p1+1,0’ O1,p1+2701,p142,05 --+5 Op1,p1+p2 —

Up17p1+17270)T'
On the other hand, if tr(X12 — 212,0)2/\E|F — 00, under Assumptions 2.1
and A.1, we have that nQ,/|Z|F — oo in probability.

The asymptotic normality of Q,, is summarized in the following corollary,
whose proof is trivial through the argument in Corollary 2.2.

COROLLARY A.2. Let 01 > ... > 0p,p, > 0 be eigenvalues of Z. Under
conditions of Theorem A.1, the classical central limit theorem

n@n 4y N, 9)
Sifa

holds if and only if

(A.5) p= — 0, as p — oo.

If X; follows the linear process model, that is, under Assumption 2.1 with
ity 1, = 0 forall1 <l <lp<..<[l; <N,2<i<d, 1< j < p, then,
(A.5) is equivalent to tr(X1)tr(X3,) +tr2((T12301)?) = o(tr?(22))tr?(X3,));
or equivalently, tr(X3))tr(X3,) + tr((Z1291)3) = o(tr¥/2(22 )tr3/2(22,)); or
equivalently, 01/|=Z|F — 0.
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It is noted that the condition tr(X}; )tr(X5,)+tr2((X12321)?) = o(tr?(X3))tr?(22,))
is milder than the one tr(X*) = o(tr?(X?)) for linear process models; c.f. Li
and Chen (2012). Since tr(X?) < tr(¥2, + X3,) and tr(3%) < tr(X} + 24, +
(L12%91)?), tr(X4) = o(tr?(£2)) always implies the one in Corollary A.2.
The condition tr(X})tr(23,) + tr2((12X21)?) = o(tr?(X2))tr?(X2,)) may
be violated in high dimensional data, for instance the linear factor model
mentioned in Section 2.2.

To formulate a test procedure, we use the half-sampling approach to con-
struct an unbiased and consistent estimator of the cumulative distribution
function of n@Q,. Consider a subset B C {1,2,...,n} of size m = [n/2].
Deﬁne JB(SQ, 21270), CByBC(SQ, 21270)2

(A.6) JB(82, ¥120) = Z Rjk(B, ojk0),
(jvk)ESQ

(A.7) Cp pe(S2,X120) = Njr(B, B, 0jk0),
(4,k)ES2

where Rji(B,0jr0) and Nji(B, B¢ 0j10) are defined in (2.13) and (2.14)
respectively.

The half-sampling procedure samples L subsets of size m = [n/2] without
replacement from the original n data points, uniformly at random. Let index
sets By, Ba,...,Br, C B, with B := {B : B C {1,..,n},|B] = m}. The
empirical distribution of P(nQ, < t) is estimated by Fg(t), where
(A.8)

Fo(t) =

— 1 .
(n) Z m(l—m/n)(Jp, (82’212‘0)+JBZC (327212,0)—20317316 (82,312,0))<t
m/ BeB

Similarly as (2.16), define its stochastic approximation F 1,0(t). By the Dvoretzky-
Kiefer-Wolfowitz-Massart inequality,

(A.9) p* (sup |Fp.o(t) — Fo(t)] > u) < 2e72%*
t
Define the a-quantile of half-sampling estimator FQ (t) as follows:
(A.10) gi = inf{g: Folg) > a},
which can be approximated by g7 ., = inf {g : FLVQ(g) > a} .

THEOREM A.2. Under Assumption 2.1 and A.1, suppose ||&11|la+25 < 00
where 0 < 6 < 1. Let m = [n/2], then under the null hypothesis Hop,

(A.11) sup E|FQ(,5) _ p(nQn <2 = O(n‘5/(10+45)).
t
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Based on the results of Theorems A.1 and A.2, at a given significance
level 0 < o < 1, asymptotically a-level test can be defined as @, by

(I)b,a = 1(”Qn > gT—a)

where gi_, is the (1 — a)th quantile of Fy(t). In practice, we use gi o
instead of gi_,. The null hypothesis Hy, is rejected whenever &, = 1.
Power analysis is discussed in Section B.

APPENDIX B: POWER ANALYSIS

B.1. Power analysis for testing off-diagonal covariance struc-
ture. We now turn our attention to the power analysis of T},. Let 8, (2, a) =
P(nTn > yi_,|Hia) be the power of the test under the alternative hypoth-
esis Hiq @ 0ji # 0jip for some (j,k) € Sy, where yi_, is the (1 — a)th
quantile of F(t), 0<a<l1l LetY ~ N(0,T') and py = (012 — 012,0,013 —
013,05 s Opp—1 — 0p7p_170)T. Denote 91— = yi_,/|'|F. From Theorem 2.1,
we can obtain that P(nTy, > yi ) = a + o(1). Recall Theorem 2.1 im-
plies that n7}, /|| can be approximated by V := S(:pl_l) Aa(ng — 1)/ r
with EV? = 2. Then P(|V| > 2a~%/?) < aEV?/4 = a/2 and P(|V| >
2(1 — a)"Y?) < (1 — a)/2. Hence P(V > 2a~'/?) < /2 and P(V >
—2(1 — a)~%?) > (1 4+ a)/2. Thus, for n large enough, we have —2(1 —
a)™V? < 14 < 20712 Thus §1-o = O(1). From Corollary 2.1, when
> (k= jk0)?/|T|F = O(1), we note that

(B.1)

YTY — t(I) nY (e —ow0)?  2y/nulyY
(D) =P —— >y — — - Y 1
Bn(X, a) ( e > Y1 T[r e +o(1)

Elementary calculation shows that

P
IT|F IT|F

Note that

py Ty < p(I) Z(Ujk — ko),
ik

where p(I") is the spectral norm of T.



38 Y. HAN, W.B. WU
Thus, (B.1) and (B.2) indicate that the signal to noise ratio

SNR(E) =Y (ojx — ojk0)?/IT|r
J#k
is instrumental in determining the power of the test. Furthermore,
YTY — tr(T) + nplpy +2VYTY T /Ly
ITlF

Bn(zaa) <P > @1704 + 0(1)

“p (YTY —tr(l) | f1a _ SNEE) JW) +o(1).

IT|F 2 2

Similarly,

YTY — t2(D) + npdpy — QWW
Ba(S, ) > P = o | oll)

1813
Y'Y —tr(T
S p (mf() > 1o — nSNR() 4 2 nSNR(E)) +o(1).
F

Then under the alternative Hiq, when 32", (0% —0jk0)?/IT|r = O(1), the
asymptotic power is bounded above and below by

“p <YTY —tr() @71; B nSNQR(E) _ \/WR(E)) +o(1).

By Corollary 2.1, when Z%ék(ajk —010) /T F = 00, Bn(Z,a) — 1.

If the difference between o and oj; ¢ for j # k is not too small so
that [[|p = O(n ;405 — 0ik0)?), the test will be powerful. When p
is fixed, this condition trivially holds while n — oco. For high dimensional
data, if n ), (0j, — 0ik0)?/IT|F — oo, the power will converge to 1. If
ny (o — 0ik0)?/IT|F — 0, the test cannot distinguish Ho, from Hig,
i.e. Bn(X, @) — a. Furthermore, to better appreciate the power of the test,
let

Po =Y (0k — 0jk0)%/(pp — 1))
i#k
be the average signal strength. Then the test has a nontrivial power if ¥ is at
least the order of \/|T'|r/(np?), while the order is n~'/2 for fixed dimension
situations p = O(1).
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Next, we consider cases involving sparse and faint signals. Let ¥ = I +vv/,
where v = (0, ..., 6,0, ...,0)" with the first s elements to be § and otherwise 0.
Since the signals are sparse and faint, we assume the signal strength 6 = o(1)
and sparse level s = o(p). If X; follows the linear process model, then basic
calculation shows that |I'|p =< |S|% < p+s%6%, and > izk(Oik—0jk0) = 5252,
That is, SNR(X) < 5262 /p. Hence, if ns?6%/p — oo, or equivalently s >>
\/p/n, the power converges to 1. As the minimum rate of detectable signals
is usually (log(p)/n)'/2, s0 > \/p/n implies s > \/p. Then, the number of
non-zero covariances is at a higher order than p. The test could be powerless
if the number of signal is smaller than p. This is due to the natural of the
Lo type statistics. We thank the reviewer for pointing this out.

It is also worth noting that our test statistics based on quadratic forms are
designed for general alternative hypotheses without imposing any structure
assumptions on covariances. If we are interested in specific alternatives such
as the spiked covariance structures for Gaussian data, one can apply for
example Onatski, Moreira and Hallin (2013, 2014).

B.2. Power analysis for testing covariance between two subvec-
tors. Let 3,(X12,a) = P(nQ, > ¢¢_,|H) be the power of the test under
the alternative hypothesis Hy, : oji # ojio for some (j,k) € Sz, where
g, is the (1 — a)th quantile of Fg(t), 0 < a < 1. Let Z ~ N(0,Z)
and pz = (01p1+1 — O1p1+1,0, 01p1+2 — O1p1+2,05 -5 Opipr+p2 — Up1p1+p2,0)T'
Denote §i1—o = 9i_,/|Z|F, then gi_o = O(1). From Corollary A.1, when
tr(Z12 — $12,0)%/|Z|F = O(1), we note that

(B.3)
Z1Z + 2v/nuL Z — tr(2)

_ ntr{(Z12 — B120)(Z12 — Yi20)"}

Z gl—a

Bn(X12,0) =P (

= =
I=|F \:\F

Similar to Section B.1,
SNR(X12) = tr{(Z12 — Z12,0)(Z12 — S120) " }/I=|F

is key quantity in determining the power of the test. When when tr(3o —
$12,0)%/|Z|F = O(1), it can be shown that

p (ZT Z: tr(2)
g

Ty = a
cp(ZEZ0E), Be 2SNECR) ) o)

I=|F

When tr(X12 — X120)%/|Z|F — 00, by Corollary A.1, B, (X2, ) — 1.

> 0l—a — nSNR(Elg) + 2\/nSNR(212)) + 0(1) < 5n(212, a)

) +0(1)
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If A = ntl‘{(212 — 212’0)(212 — 21270)T}/ tr(Z%l)tr(E%) — 0Q, the
power will converge to 1. If A — 0, the test cannot distinguish Hg, from
Hyp, ice. Bp(X12,) — «a. A further analysis on the power can be made,
which is similar to Section B.1. Details are omitted.

APPENDIX C: REAL DATA ANALYSIS

We now apply our testing procedures to the analysis of a colorectal
cancers dataset (Sabates-Bellver et al. (2007)), preprocessed from NCBI’s
Gene Expression Omnibus, accessible through GEO Series accession number
GSES8671 (http://www.ncbi.nlm.nih.gov/geo/query/acc.cgi?acc=GSES8671).
This study consists of 32 subjects with colorectal adenomas. The tran-
scriptomes (RNA) of 32 adenomatous polyps (tumor group) and segment-
matched samples of normal colorectal mucosa (normal group) from the same
individuals are measured. There are 54,675 genes in this microarry data.
What we are interested in is to test the existence of associations between
two subvectors, which can be useful for identifying sets of genes which are
significantly correlated.

We consider genetic pathways of this colorectal cancers dataset. Abnormal
regulation of gene pathways is the key causative factor in colorectal cancers.
According to the molecular signature database, we refer to the colorectal
cancer pathway as the targeted pathway of colorectal cancer. Among the
54,675 genes, 119 are mapped to this pathway. There are many pathways
related to colorectal cancer, including several major signaling pathways. As-
sembled based on existing literature (see Baudot, De La Torre and Valen-
cia (2010); Colussi et al. (2013)), we consider the WNT signaling pathway
(263 genes), MAPK signaling pathway (475 genes), p53 signaling pathway
(121 genes), mTOR signaling pathway (90 genes), GnRH signaling path-
way (192 genes), Adipocytokine signaling pathway (117 genes) and Type
I diabetes mellitus pathway (84 genes). Note that many of the pathways
share genes while our method requires group indices to be non-overlapping
since two overlapped groups are obviously dependent of each other. To re-
move the influence of such trivial dependence, we shall test whether the
colorectal cancer pathway is correlated with these common pathways af-
ter removing overlapping genes. Let Xi(l), ...,Xl-(g) be the expression levels
of individual ¢ from the tumor group for the colorectal cancer pathway,
WNT signaling pathway, MAPK signaling pathway, p53 signaling pathway,
mTOR signaling pathway, GnRH signaling pathway, Adipocytokine signal-
ing pathway and Type I diabetes mellitus pathway, respectively. The null
hypotheses are Hg1 : cov(Xi(l),XZ@)) = 0g8x212, Hg; : cov(Xi(l),Xi(?’)) =
O74x430, H; COV(Xi(l),XZ-(4)) = O109x111, HY, COV(XZ-(l),XZ-(S)) = 094x65,



TEST FOR HIGH DIMENSIONAL COVARIANCE MATRICES 41

Hg:r) : COV(Xi(l),XZ-(G)) = 0102><175, Hgé : COV(X,L-(I),Xi(?)) = 0107><105, Hg; :
cov(Xi(l),Xi(B)) = 07119x84. Similar null hypothesis Hé\{, ...,Hé\; can be for-
mulated for the normal group. Our proposed method using half sampling ap-
proach (P ) is compared with the test proposed in Chernozhukov, Chetverikov
and Kato (2013) which uses Gaussian Multiplier Bootstrap (denoted by C-
CK), and a test method given in Qiu and Chen (2012) (abbr. QC)). The

results are summarized in the following table.

TABLE 9
Estimated p-values of tests for covariances between pathway “colorectal cancer” and other
different pathways, base on N = 10° half-sampling implementations

tumor group normal group
pathway Dy o QC CCK Dy o QC CCK
WNT 0.00001 1.65x10~° 0.38612 0.11247 0.04677 0.66285
MAPK 0.00002 4.44x107  0.39525 0.00000 6.81x107° 0.42463
p53 0.00011  7.48x10™7 0.34558 0.00018 5.79x10~7  0.72479
mTOR 0.16414 0.00691 0.68261 0.00116 0.00016 0.46266
GnRH 0.00008 6.93x10~*"  0.31194 0.00005 3.30x10~%  0.17098

Adipocytokine  0.00042  1.10x107°  0.12459 0.00240 1.81x107°  0.14529
Type I diabetes  0.02457 0.01303 0.02527  0.08692 0.01929 0.81330

It can be seen from Table 9 that the CCK test is not able to reject any null
hypotheses at 5% level. All the p-values obtained by the proposed test and
QC test are very small, and have similar magnitudes. Using the proposed
test @y and QC test, HOT1 is rejected at 5% level, suggesting that there is
a substantial correlation between the colorectal cancer pathway and WNT
signaling pathway. However, for the normal group, Hé\{ is not rejected by the
proposed test, since it gives a p-value of 0.11247, while rejected by QC test
with p-vlaue 0.04677. In contrast, using the proposed test, Hg:l for tumor
group is not rejected at 5% level while Hé\i for normal group is rejected.
The proposed test also suggests that, at 0.1% level, both H& and Hé)i are
rejected. Using QC test, both Hg:; and H(])\i are rejected at 5% level, and
only HJ)] is rejected at 0.1% level. Moreover, at 0.1% level, the proposed
test suggests that Hé\é for normal group is rejected.

APPENDIX D: ADDITIONAL SIMULATION RESULTS

In this section we present additional simulation results comparing the
numerical performance of the proposed tests with that of other tests, par-
ticularly in the setting tr(3*)/tr?(X?) — 0 and the nominal level oo = 0.01
case.
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D.1. Additional simulation results for the test ®,,. We now
consider the model (5.1) in the paper to see the size behavior, that is,

(D.l) Xij = \/AjZij, 1= 1, ...,n,j = 1, ey Py

and model (5.2) in the paper for power analysis,

(DQ) Xij = \/Aj(Zi,j + 3Zi,j+l)u 1=1,...,n,7=1,...p,

at the nominal level o = 0.01. Let A; = /p - Unif(0.5,2.5) for j = 1,2,
and, Aj; = Unif(0.5,2.5) for j = 3,...,p. Three distributions are assigned to
the i.i.d. Z;;: (i) standard normal; (ii) centralized Gamma(4,1); and (iii) the
student ¢5. The empirical size and power of the proposed test ®, o for Hog,
reported in Tables 10, are estimated from 10000 replications. The resampling
implementations are 5000.

TABLE 10
Empirical sizes and powers for Hoq : 0jk = 0jk,0 for all j # k at 1% significance level,
based on 10000 replications with normal, gamma and student-t innovations in Models
(D.1) and (D.2)

P size for @4, o power for ®4 o
n 20 50 100 20 50 100

Normal

32 0.0126  0.0110 0.0112 0.142 0.470 0.822
64 0.0103  0.0095  0.0092 0.154 0.418 0.799
128 0.0138  0.0125  0.0087 0.143 0.431 0.761
256 0.0069 0.0118 0.0116 0.160 0.412 0.787
512 0.0130 0.0116  0.0100 0.143 0.400 0.751
1024 0.0123 0.0091 0.0104 0.140 0.394 0.787
Gamma

32 0.0130 0.0114 0.0102 0.145 0.420 0.813
64 0.0124  0.0093 0.0101 0.167 0.444  0.797
128 0.0138  0.0097 0.0120 0.145 0.398 0.781
256 0.0117 0.0111  0.0096 0.170  0.442 0.765
512 0.0084 0.0103 0.0115 0.162 0.402 0.761
1024 0.0138  0.0088 0.0124 0.164 0.379 0.794
Student ¢

32 0.0120 0.0105  0.0088 0.138  0.437  0.803
64 0.0091 0.0096 0.0102 0.141 0.400 0.754
128 0.0104 0.0113 0.0105 0.151 0.439 0.775
256 0.0103 0.0112 0.0123 0.156  0.407  0.747
512 0.0101  0.0102 0.0094 0.148 0.413 0.741
1024 0.0113  0.0087 0.0117 0.139 0.421 0.716

In Table 10, the results indicate that our test control the size well when
n = 50,100. We can observe notable fluctuation of empirical size when
sample size n = 20. Under the alternative hypothesis, the power rises as the
sample size increases.
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Then, we consider the setting tr(3*)/tr?(X2) — 0. We still consider the
same model (D.1) for the size analysis,

(D.3) Xij = VA Zij,

and the model

(D.4) X = \/Aj(ZZ'J + O'2Zi:j+1)7

i=1,..

,n,g=1,..

7p7

for power analysis. Here let A; = Unif(0.5,2.5) for j = 1,...,p. We present
the simulation results for Hy, in Tables 11, 12, 13 and 14. The resampling

implementations are 5000.

TABLE 11

Empirical sizes for Hoq : 0k = 0jk,0 for all j # k at 5% significance level, based on 2000

replications with normal, gamma and student-t innovations in Model (D.3)

p Proposed Test @ o Qiu-Chen
n 20 50 100 20 50 100

Normal

32 0.048 0.045 0.050 0.072 0.048 0.049
64 0.045 0.056 0.055 0.063 0.057 0.056
128 0.052 0.055 0.048 0.060 0.056 0.059
256 0.060 0.045 0.047 0.070 0.056 0.053
512 0.061 0.045 0.048 0.057 0.0563 0.046
1024 0.055 0.049 0.057 0.067 0.051 0.051
Gamma

32 0.041 0.046 0.049 0.052 0.048 0.043
64 0.050 0.051 0.051 0.067 0.049 0.053
128 0.048 0.045 0.048 0.069 0.057 0.059
256 0.051 0.041 0.043 0.062 0.052 0.041
512 0.045 0.053 0.046 0.066 0.055 0.051
1024 0.042 0.054 0.045 0.061 0.056 0.042
Student ¢

32 0.041 0.058 0.050 0.055 0.049 0.044
64 0.056  0.055 0.044 0.064 0.055 0.059
128 0.043 0.048 0.043 0.063 0.050 0.053
256 0.043 0.047 0.053 0.069 0.055 0.056
512 0.052 0.051 0.059 0.060 0.055 0.050
1024 0.049 0.052 0.055 0.067 0.057 0.052

The results in Table 11 show that, at the nominal level 5%, both our test
and Qiu-Chen test control the size very well when n = 50, 100. When sample
size n = 20, our proposed test still control the size very well, but the empir-

ical size of Qiu-Chen test is a bit larger than the nominal level 5%. It can

be seen from Table 13 that the estimated sizes of our proposed test are close
to the nominal level 1%, when n = 50,100. When n = 20, our proposed test
encounters some fluctuations of empirical size. In contrast, Qiu-Chen test
only controls the size well when n = 100. When n = 50, Qiu-Chen test tends
to be a bit larger than the nominal level 1%. With small sample size n = 20,
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TABLE 12
Empirical powers for Hoq : 0ji = 0jk,0 for all j # k at 5% significance level, based on
2000 replications with normal, gamma and student-t innovations in Model (D.4)

p Proposed Test g o Qiu-Chen
n 20 50 100 20 50 100
Normal
32 0.132  0.398 0.884 0.090 0.323 0.818
64 0.154 0.401 0.894 0.113 0.359 0.818
128 0.148 0.411 0.901 0.118 0.342 0.854
256 0.154 0.414 0.912 0.133  0.380 0.846
512 0.152  0.402 0.909 0.123 0.332 0.862
1024 0.162 0.425 0.921 0.145 0.402 0.856
Gamma
32 0.166  0.371  0.888 0.111  0.323  0.802
64 0.162 0.391 0.899 0.134 0.361 0.817
128 0.154 0.405 0.912 0.136  0.351  0.869
256 0.182 0.415 0.928 0.116  0.360 0.883
512 0.169 0.428 0.927 0.140 0.353 0.885
1024 0.175 0.423 0.922 0.129 0.386  0.856
Student ¢
32 0.158 0.379  0.880 0.137 0.334 0.833
64 0.188 0.396  0.898 0.134 0.330 0.840
128 0.174 0.416  0.900 0.138 0.366  0.881
256 0.170  0.433 0.915 0.131 0.347 0.873
512 0.162 0.413 0.924 0.125 0.356  0.861
1024 0.176  0.415 0.934 0.135 0.368 0.883
TABLE 13

Empirical sizes for Hoa : 0 = 0jk,0 for all j # k at 1% significance level, based on
10000 replications with normal, gamma and student-t innovations in Model (D.3)

p Proposed Test ®q, o Qiu-Chen
n 20 50 100 20 50 100

Normal

32 0.0121  0.0088  0.0095 0.0161  0.0139  0.0101
64 0.0082 0.0094 0.0087 0.0172 0.0111 0.0113
128 0.0134 0.0114  0.0093 0.0168 0.0122 0.0108
256 0.0135 0.0089 0.0112 0.0170 0.0140 0.0114
512 0.0126  0.0087  0.0104 0.0196 0.0119 0.0114
1024 0.0124 0.0094 0.0105 0.0175 0.0137  0.0107
Gamma

32 0.0131  0.0103 0.0084 0.0162 0.0126  0.0086
64 0.0110 0.0095 0.0084 0.0166  0.0136  0.0102
128 0.0124 0.0114 0.0103 0.0165 0.0107  0.0090
256 0.0138  0.0086  0.0097 0.0154 0.0123 0.0107
512 0.0123 0.0085 0.0107 0.0170 0.0108  0.0097
1024 0.0084 0.0104 0.0105 0.0157 0.0115 0.0103
Student ¢

32 0.0130 0.0115 0.0110 0.0128  0.0085  0.0100
64 0.0104 0.0101  0.0095 0.0175 0.0110  0.0086
128 0.0083 0.0081 0.0105 0.0166  0.0102 0.0107
256 0.0135 0.0103 0.0104 0.0167 0.0126 0.0118
512 0.0124 0.0111 0.0113 0.0172 0.0124 0.0102

1024 0.0137 0.0113  0.0097 0.0181  0.0115 0.0130




TEST FOR HIGH DIMENSIONAL COVARIANCE MATRICES 45

TABLE 14
Empirical powers for Hoa : 0ji = 0jk,0 for all j # k at 1% significance level, based on
10000 replications with normal, gamma and student-t innovations in Model (D.4)

p Proposed Test g o Qiu-Chen
n 20 50 100 20 50 100

Normal

32 0.077  0.202 0.807 0.051 0.180 0.681
64 0.070  0.210 0.781 0.056 0.195 0.765
128 0.077 0.237 0.776 0.055 0.184 0.726
256 0.078 0.218 0.780 0.054 0.185 0.700
512 0.071 0.231 0.793 0.055 0.191 0.731
1024 0.083 0.258  0.809 0.055 0.197 0.713
Gamma

32 0.083 0.204 0.701 0.045 0.159  0.679
64 0.078 0.191 0.734 0.057 0.185 0.709
128 0.080 0.223  0.747 0.056  0.199 0.695
256 0.072 0.234 0.783 0.052 0.191 0.729
512 0.081 0.239 0.772 0.054 0.196 0.711
1024 0.078 0.239 0.794 0.052 0.184 0.709
Student ¢

32 0.078 0.204 0.695 0.050 0.189 0.641
64 0.074 0.213 0.739 0.050 0.197 0.675
128 0.072 0.210 0.768 0.048 0.191 0.717
256 0.069 0.224  0.747 0.052 0.193 0.706
512 0.072 0.238 0.786 0.053 0.196 0.710
1024 0.074 0.224 0.776 0.054 0.190 0.714

Qiu-Chen test has size distortion. From the results of Tables 12 and 14, the
proposed test has a higher power than Qiu-Chen test in our simulation set-
tings. Overall, these numerical results corroborates that our proposed test
outperforms Qiu-Chen test under the setting tr(X4)/tr?(X2) — 0.

D.2. Additional simulation results for the test ®3,. We now
consider the following model (D.5) for size,

bl i + €ij, 1<j<pi,

(D.5) X, = |
N blofio+€j,  p1+1<j<p,

and model (D.6) for power analysis,

by fir + pfis + €ij, 1<j<p1,

Y b;"rzfi2+Pfi3+€ij, p+1<j<p,

at the nominal level o = 0.01. All elements of factor loadings b;; and bjo,
j = 1,...,p, are chosen from Unif(0.5,2.5). Let f;1, fio be 2 x 1 vectors of
common factors, and f;3 be a 1 x 1 common factor. Besides, f;1, fi2, fis3 and
€;; are independent. Same distributions are considered for i.i.d sequences
fir,fiz, fis and (e5)5_;: (i) standard normal; (ii) centralized Gamma(4,1);
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and (iii) the student t5. The empirical size and power of the tests for Hy,
at the nominal level 0.01, reported in Table 15, are estimated from 10000
replications. The resampling implementations are 5000.

TABLE 15
Empirical sizes and powers for Hop : Y12 = 0 at 1% significance level, based on 10000
replications with normal, gamma and student-t innovations in Models (D.5) and (D.6)

P size for ®p o power for &
n 20 50 100 20 50 100

Normal

32 0.0134 0.0125 0.0106 0.102 0.365 0.714
64 0.0094 0.0105 0.0088 0.120 0.396 0.783
128 0.0100 0.0079 0.0110 0.137 0.382 0.786
256 0.0095 0.0126 0.0110 0.122 0.406 0.797
512 0.0134 0.0110 0.0115 0.147 0.396 0.796
1024 0.0074 0.0103 0.0100 0.134 0.386 0.802
Gamma

32 0.0130 0.0123 0.0103 0.108 0.357 0.740
64 0.0110 0.0097 0.0110 0.095 0.390 0.776
128 0.0139 0.0085 0.0121 0.126 0.389 0.738
256 0.0086 0.0115 0.0079 0.146 0.399 0.766
512 0.0126 0.0103 0.0088 0.121 0.374 0.798
1024 0.0110 0.0116 0.0105 0.121 0.383 0.777
Student ¢

32 0.0111 0.0119 0.0092 0.127 0.387 0.648
64 0.0128 0.0100 0.0113 0.140 0.362 0.649
128 0.0147 0.0105 0.0095 0.118 0.351 0.712
256 0.0123 0.0108 0.0100 0.131 0.398 0.676
512 0.0095 0.0114 0.0102 0.105 0.381 0.693
1024 0.0136 0.0117 0.0099 0.121 0.390 0.733

In Table 15, the results indicate that our test control the size well when
n = 50, 100. Similarly, we observe notable fluctuation of empirical size when
sample size n = 20. Under the alternative hypothesis, the power rises as the
sample size increases.

APPENDIX E: PROOFS OF MAIN RESULTS IN THE PAPER

Throughout the proof, assume without loss of generality that u = 0.
Denote by C' a constant that is independent of n and p and its value may
change from place to place.

Lemma E.1. Considering {X;}7, with Assumption 2.1, we have

(E.1) EW{ W, 2T < K3V D5,
(E.2) EULU[*T < KY |23,
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where ng and Kg are bounded constants, only depending on §, v and
€11 [|44-25-

PROOF. For the convenience of presentation, we assume d = 2 in As-
sumption 2.1. If d > 2, the argument shown as follows still can be applied
to prove the Lemma with more tedious calculations. Recall E (¢§;) = 0,

2\ e N —
Var (&3)) = v > 0, Xj = > o, @088, + 20,1 bjnéuy- Then oy =
N N .
le<12 Q51115 0k 1110 T Zh:l bj,llbk,ll- We rewrite Xij — Ojk as follows,

N N N N
XXy —oj, = § a;j 1115610, €11, + E IERSTA E A ARSTRST E bri &y | — ojk

11<l2 1=1 1<l2 =1

= Z C(j, k)l lalsla, (1) €11 €11, 6115811,

li<lao<lz<ly

+ Z C(j,k)7lllzl3,(1)(§%h_1)£1l251l3

l1<la<ls

+ Z ] k) 111215, glll (5%[2 - 1)‘51[3

li<la<ls

+ Z Cli k)l (3) 1t €11 (€77, — 1)

i<la<ls

+ Y Mty

l1<la<ls

+ Z Cl)alan 1) (&, — D(ED, — 1)

ll <l2

+Z C(j,k), 112, (2 5111 1)&u,

l1<l2

+ ) et @i, — 1)

li<lo

+ Z C(jvk)ylll%(ll)glllgllg

li<la

+ Z Gt (&, — 1) + Z (), (2)6 10
ll ll
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where

C(j.k) lalalsly,(1) = @jlyla Ok lzly T Q51113 Ok loly T Qjily1y Ok loly T Qjilaly Okl T Qjloly Ok, lilz + Qj lolz Ok 111y

C(j k) lulals, (1) = QjlaloOk,lls T @jlyls Ok Lyl

C(j,k),llals,(2) = @jlilaOk,lals T Qjlals Ok 1112

Cjk),lalals,(3) = @il Ok,lols T Qj,lols Ok 1113
C(4,k),l112l3,(4)

€k ll2,(1) = Qg lila Ok lilos

bjiy Ok oty + bj1a Ok 115 + 0513 @k 115 + Q5115 Ok ts + Qg ly15 0k 1y + Q15150514

C(4,k),l112,(2) aj,thbk,ll + bj,hak,hlzv
Clj k) nlz,(3) = Qjlala Ok ly + 51,0k 141,

Clylan® = D (@51t 0hioty + Qs 0hiit) Y (@500 0k Il + Q150 Ok 1)

l3>12 l1<l3<la
> (asty Chsly + Gista@histy) + 05ty Doty + bj15 0k
I3<ly
Cik) e, (1) = Z A 1115 Ok 1y 1y T Z j loly Ok 1ol + 050, Ok 1y 5
la>1 la<ly
Cmin@ = D (@b +bin ki) + Y (@500 0k + bk,
lo>11 la<ly

Note that each term in the above equation (E.3) of X; X} — o} is uncorre-
lated, for instance, E((&%h — 1)(5%2 -1)- (5%11 —1)) = 0. Let ) be a vector
expanded by €17, §11,€115 €115 (67, — D€t 11, (63, —1)Ets €11, 11, (63, 1),
iy S 6uts, (63, — D(ED, — 1) (€7, — Déu, 5111(5%212 - 1), &, &0, €8, — 1)

and &;;, in alphabetical order. For
o = (lla l27 l37 l47 n)

with n being 1,2, 3,4, define L x) o = ¢(jr),a- That is, L k) 11,00,05,04,1) =

C(Gk) alalsla, (1) Lk (ot 3) 7= COk)Ilals,(3)r LGk, (1) 7= € I(1)5
etc. Then, we can write

(E.A4) Xi X =g =) Lmalla = Lijp.1
(0%

and

We also have
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where E(nnT) is a diagonal matrix with its elements being 1, v or 2.

Denote D = LTL := (d, g). Simple calculation shows that
da76 = Z C(j,k),ac(j’k)”@'
(]JC)ESl

Since
% = te((LE(mn™)LT))? = tr((E(mm")LTL))?,

we can show that

IT|% < max{1, %} Z diwg
a75

Denote h = 2+ 4. Let n and n* be i.i.d. Followed from (E.3), we have, by
elementary calculations that

W Walli, = [[(Ly)" Ln*|I;
< Csl Z Z C(j k) alalsla, (1) €11 11561156114 Z Ci o) dstotls ()€1 Ela 17

(4,k)eS1 li<la<liz<ly ls<lg<lz<ls
2 2
+Cs| Z Z (k) lals, (1) (&, — Déunéug Z Ce)alste, (1) (E1y — D&l
(] k)GSl l1<la<ls la<ls<lg

+Cs|| Z Z (k) lalsla, (1) €11 €115 €115 11, Z cGistotn(1) (€1 — Déug€uy 17

(J,k)EST li<la<iz<ly Is<lg<l7

:=Cs(R1+ Ry + -+ Rs3),

for some bounded positive constant Cs. Applying Lemma F.1 (Burkholder’s
inequality) to each step, we have

=1 [l Do > ottt Is dends, )€1 S0 €161 Ee T S I

la>13 h<la<lz ls<lg<l7<lg
2 2 2 2
<=1 > lwlillwsZl D D dtutatatat),tsietris )1 180 S E i€l I
l4>13>12 lhi<la ls<lg<lz<lg

8 2 16
<(h=17° D Dyttt totr sl

lh<lo<iz<ly ls<ls<lz<lg

Denote

Ks = (max{(h = 1)?||€w ][k, (b = D)lI€R, - 1II7,11)*
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Adopting similar arguments to Ra, ..., R55, we can obtain

[WIWall < CsKs Y d2 5.
a7ﬁ

Then (E.1) follows by setting

v _ (_ Ciks (2+0)/2 |
J min{1, v*}

Clearly, KgV < 00.
Following the same arguments, we can show (E.2). O

PrROOF OF THEOREM 2.1. For the convenience of presentation, we as-
sume d = 2 in Assumption 2.1. If d > 2, the argument shown as follows still
can be applied to prove the theorem with more tedious calculations. Denote

p * n

3 1 2

T, = E nln=1) E Xirj Xiyk Xinj Xigk + 050 — k0 E Xi1jXirk
J#k 1,02 i1

Write Tn — Tn = —Ri 4+ Ry, where

2
Ry = Z Z Xinj(Xizj Xiok — 0jk,0) Xigk,
n(n - 1)( j;ék 11,82,13

1 p *
2 n(n—1)(n—2)(n —3) Z Z 1jVigjNigkNigk

J#k 11,12,i3,04

Note that ER; = ERy = 0. By the independence between X;, we have

- Xz Xz Xz sz sz sz sz Xz )
E 2 1] 2] 3 4 5 6 7q<*18q
Ry Z Z 2 n2(n —1)2(n — 3)2(n — 4)2

m#q
8
= D0 B =) & 2 ikt 20miaa0hm)
J#k m#q
8
< - C|T|%.

nin—1)(n—3)(n —4)

Under Hy,, we can decompose ER? as

6
4
ER2 = R 2
! n(n—l)(n—Q); b
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Rip =
Rio =
Rz =
Ry =

Ry =

Rig =

p p
DD oimokq (E(Xi X Xim Xiq) = Tjkomg)
i#k m#q

PP
Z Z 05q0km (BE(Xij Xik Xim Xiq) — 0jkOmg) ,
J#k m#q

p p
Z Z 0 imE(Xij Xik Xig) E(Xik Xim Xiq),
j#k mq

p p
D0 0B (X Xin Xim ) E(Xi Xion Xig),
J#k m#q

p p
D okmE (X Xim Xig) E(Xi; Xir Xig),
J#k m#q

p p
SN orgE (X Xk Xim )E(Xij Xim Xig)-
Ak m#q

Since E (ffl) = 0, elementary calculation shows that R13 = Ri4 = Ri5 =
Ri6 =0. By (2.7),

P P
Rii+ Rip= Z Z (E(X3j Xir XimXiq) — 0jkOmq) (OjmOTkq + 0jq0km)

“\

O\

J#k m#q
PP PP
YD (0imOrg + 00km)’ | DD (E(Xii Xk Xim Xiq) — 0jk0mg)”
J#k m#q J#k m#q
PP PP
2 Z Z (ajg-mal%q + ajmajqakmakq> Z Z (E(X5j Xk — 0jk) (XimXig — Omq))”
J#k m#q J7#k m#q

PP
< CoalTle- | D0 (B(XiiXik — o) (Xim Xig — omg))>.

Jj#k m#q

By (E.4), Xi; X, —0ojr = LT ., n. Recall in the proof of Lemma E.1, E(nnT)

(]7k)7'

is a diagonal matrix with its elements being 1,v, 2, and D = LTL. Then,
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we have
p p P &
2
Z Z (E(Xz]sz - O']]g)(szXz - Umq)) = Z Z <L€7k)7E(T]77T)L(m7q),)
ik mq ik m#a
, P D - 2
S max{l, 1% }Z Z tr (L(qu)vL(]vk)7)
J#k m#q
, P P . 2
< max{l,v }Z Z tr (L(j,k),-L(m#I)v')
j#k m#q
< max{1,v*}tr(D?)
< CyalT|%.

Thus, we can obtain,

p p
R171 + R1,2 = Z Z (E(ngsz:szqu) - Ujkamq) (Ujmakq + quakm)

J#k mAq

(E.5) < Call)3.

So ER? < C(n(n — 1)(n — 2))7YT|%. Hence, Ri/[T|r = Op(n=3/?) and
Ry/|T|p = Op(n=2).

Under Assumption 2.1, by Lemma E.1, we have (E.1). Adopting Lemma F .4
in the Supplementary Material, under Hy,, we obtain

(E.6)

IT|p — IT|F

nT p(p—1) A
sup P ( n < t) _Pp Z d (77d N 1) S t _ O(n_é/(10+46)).
t

d=1

Then Theorem 2.1 follows by (E.6), triangle inequality and Lemma F.2 in
the Supplementary Material. ]

PROOF OF COROLLARY 2.1. When Y%, (0jx — ajk0)*/|T|r = O(1), it

can be proved using similar arguments in the proof of Theorem 2.1 and
Lemma F.3.

When Zﬁ;k(ajk —01.0)%/|IT|F — oo, similar to the proof of Theorem 2.1,

we can show

nl, nTn
Tlr |TlF

(1 + 0P<1))7

2
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where
In = n(n — 1 Z Z g Xtk — ij)(Xiszigk - O'jk;)
11722 JF#k
p o5 P
+ Z(Ujk,o — o) — = Z Z(aﬂw — o) (Xi i Xisk — 0j1)-
J#k 71 ];ﬁk-

By Theorem 2.1, since Z?;&k(ajk —0j1,0)?/|T|F — 00, it is clear that

nT,
IT|F

Corollary 2.1 then follows. ]
Before proving Corollary 2.2, we need the following Lemma.

LEMMA E.2.  Assume that {X;}, follows a linear process, that is, un-
der Assumption 2.1 with a;,1,.5, =0 for all1 <13 <lp <...<l; <N,2<
1 <d,1 <j<p. Then, we have

(E.7)

T% > mln{ } Z Z U]makq + 0jm0jq0kmOkq) »

(4,k)€S1 (m,q)€S)
(E.8)

9 2 (V
IT'|% < max 5 Z Z ojmakq + O'JmO']qO'kmO'kq)

(4,k)€S1 (Mm,q)€ST

Note that by Cauchy-Schwarz inequality

Z Z (J?maiq + im0 jqTkmOke) < 2tr?(X?).
(J,k)€S1 (M,q)eST

Since Y2 pes, Z(mq)e&(a?maiq + 0jm0jqOkmOkq) > Ktr?(X?) for some
constant K > 0, Lemma E.2 shows that |['|% =< ||%.

PROOF OF LEMMA E.2. Let B = {(i,1),1 <i <1< N}andw = (wg)geB €
RN(N+1)/2 Where WB = flzgll fOr ﬂ ( y ) that IS

w = (01,&11&12, - - -, E11E1IN, 02, E12613, - - -, o), where g; = €3, — 1
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Let Viy be the covariance matrix of w. Then Viy = diag({vg s}secn), where

for B = (i,1), va3 = Var(¢};) =vifl =i and vgg = 1 if | # i. Also define
G = (ga,B)OzEI,BEB € Rp(p—l)X[N(N—&-l)/?]’ where for o = (]7 k)a ﬂ = (,La l)a

bjibri, if 1= i
ga?ﬁ = . .
bjibkl + bﬂbki, if [ > 4.

Note that (X; — u;)(Xx — ) = gLw, where gl is the a’th row of G. Then
W = Gw and

E(WWT) = (va.u)

a,a’ €L’
where for a = (j, k), o/ = (m,q),
Yoo = Cov(X;Xp, XmX,) = g2 Vivga
= v Z b;ibribmibgi + Z (bjibri + bjibri) (bgibmi + bmibgr)
5 i<l

= (I/ — 2) Z bjibkibmibqi + 0imOkq + 0jq0km-

(2

Note that ¥ = BBT. Let

Ly = Z (Ujmakq + quakm)Qa
Jj#k
m#q

2
L = Z (Z bjibk:ibmibqi> = Z Zbjibkibmibqibjlbklbmlbql,
J#k N\ i FETEY
m74q m#q
Ly = ) (0jmOkq +jqokm) ) bjibribmibai
J#k i
m#q
- Z Z bjzbklbmlbql (bjlbmlbkl’bql/ + bjlbqlbkl’bml’) .
Gk Ll
m#q

Since (Zj?ék bjibjlbkibkl’ + Zj?ék bjibjl’bkibkl)2 > 0, we can show that Ly >
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2L4. Thus
TE = > Yw
a,a’ €T
2
= Z (v —2) Z b;ibkibmibgi + OjmOkg + 0jq0km)
J#k i
m#q

2

= Y | 05y T OOy + 20540k OTkmOmj + (v — 2)° (Z bibribmibgi

Jj#k
m#£q

)

+2(V — 2) (Ujmqu + quka) Z bjibkibmibqi>
= Ll(lj — 2)2 + 2L2(l/ — 2) + Lyg.

Clearly |F|§, > Lo if v > 2. It is easy to see that 4Ly — 4Ly + Ly > 0, so
Lo >4Ly — 4L > 4L1. If 0 < v < 2, then the quantity

L01/2

% —
L7 1

L
— (Ll - 4°> V2 +2(Ly — 2Ly)v + Lo+ 4Ly — 4L

is larger than the minimum of its value at v = 0 and v = 2, which are both
nonnegative. Therefore,

2
v
|F|§7 > V2L0/4 = ? Z (O-jzmo'l%q + Uij'qu'kmO'kq)
7k
m#q
for any v € (0, 2).
Similarly, we can show that

2 v? (v — 2)2 2 2
IT|% < max CLEC +2 E (ajmakq + ajmajqakmakq) .
Jj#k
m#q

O]

PROOF OF COROLLARY 2.2. Note that ps = o(1) is equivalent to tr(X3) =
o(tr3/2(£?)). By the Lindeberg Central Limit Theorem, the necessary and
sufficient condition for

p(p—1) Ay

D =) =5 N(0,2)
d=1

>2



56 Y. HAN, W.B. WU

is A1/|T|p — 0.Since 32 pyes, 2oimg)es: (a?ma,%q—l—ajmajqakmakq) > Ktr?(x%2?)
for some constant K > 0, by Lemma E.2, |I'|% =< |2|%. Corollary 2.2 then
follows. u

PrROOF OF THEOREM 2.2. We first prove the theorem under the null hy-
pothesis Hy,. Under the alternative hypothesis, a similar argument can be
implied. For the convenience of presentation, we assume d = 2 in Assump-
tion 2.1. If d > 2, the argument shown as follows still can be applied to
prove the theorem with more tedious calculations.

Denote F(t) = P(nT,, < t). To simplify the notion, write Jp, := Jp,(S1, %),
JBZC = JBZC(ShEO), CBhBlC = CBZ,BZC(SLZO)' For sets B;, By € {1,2,...,77,}
with |B;| = |By| = m = n/2, denote

1 p 1 *
Ve, = o ) m—1 Y (XX = 0jr0) (Xigj Xiok — 010)
J#k i1,i2€B;
1 *
+m -1 Z (Xileilk - O-j/‘u'70)(X’i2jX’i2k - O'jk;,o)
i1,i2€Blc

2
- > (X Xik — 0j10) Xinj Xiok — 0jk0) |

ileBl,’iQGBlc
* *
1 1 1 2
Vg = — | —— VY, + —— Yly, - = Yly;
By i1 112 i1 112 i1 T2 )
m\m-—1 % m—1 ¢4 m . )
i1,i2€ By i1,i2€B] i1€B i2€BY

where Y; i.i.d N(0,I"). Similarly, define Vg, and Vg, - By elementary manip-
ulations,

m(Jp, + Jge —2Cp,B)  mVp, —mR,

p— + ,
2l 20  2|T|p

where we decompose R; as

Ry=-2Rj1 —2Rjo+ Ry3+ Ri4a+2R 5+ 2R 6 — 2R 7



and

R

R 3

R4

Ry

TEST FOR HIGH DIMENSIONAL COVARIANCE MATRICES

1 - a
0D X (X Xigk — 0k) Xighes
m(m N 1)(m B 2) i1,i2,i13E€ B j#k

1 * d
m(m — 1)(m — 2) Z Z Xilj(Xi?jXﬁk - Ujk)Xiskv
i1,32,i3€ B} j#k

*

1 p
m(m — 1)(m — 2)(m — 3) ihh’g’ie& ; 1j <N igjigkNigk

1 *
Z Z Xiyj Xinj Xigk Xisk
m(m —1)(m=2)(m=3), <= . =

Z ZZXH]XU’C ngszgkz U]k:)

21,7,2631 iseBy J#k

Z Z ZXllezzk XZ3]X13]€ U]k)

Zl,ZQGBC i3€ B j#k

Z Z ZX“]Xlszleuk

zl,zzeBl 13,84 € B} j#k

o7

Similar to Ry and R in the proof of Theorem 2.1, we can obtain R;;/|T'|r =

Op(m

Lemma E.1, under the null Hy,, employing (E.5),

ER7;

ER};

IN

1
Z Z Ujm‘fkq + 0jqOkm) - E(E(XinikXimXiq)
J#k m;éq
1
- - .C 2
m2(m — 1) ’

=3/2) for i = 1,2 and R;;/|T|p = Op(m~2) for i = 3,4. Applying

— OjkOkq)

1 1
2 2
Z Z 5(0jmOkq + 0jqOkm)” < 2C, m2(m— 1) L%

J7#k Tnsﬁq

So Rl,i/|F|F = Op(m_S/z) for 1 = 5,6, Rl77/|F|F = Op(m_Q).
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For any € > 0, we know by the triangle inequality that
mVp [mRy|

E.9 P L<t— ) —P < > ¢

() (3 20T =

<p <m(JBl + Jpe — 2Cp,, B¢) < t)
2|0 p

mVp ImR|
<P l§t+6>+P( >e .
(QIF’F 2|l F

By Lemma F.2 in the Supplementary Material, we obtain
Vi 1
P(m B gt) RV
me

<p <m(<]Bl + JBlC — QCBZ,BZC) < t>
2|lp

§P<mVBl >+\f N

2I0p —

2/5

m(Jp, + Jpe —2Cp, Be) > (mVB > '
P ! 2 <t) P L<t)|=0m V9.
( ZNE . oy = ()

Adopting Lemma F.4, Corollary F.3 in the Supplementary Material and
(E.10), for all By, By € B, we have

(E.11)

Taking e = n~
(E.10)

sup
t

. m 1 —~ 7 —6/(10+48
blip P(E(JBZJFJBf*QCBl,BZC)St)*P n_leth2§t =0(n /(10+ ))7
11,72

(E.12)

1 *
-1 Z Yz‘lTYiQ <t]|= O(nfé/(10+45))'

1,52

sup |P (nif’n < t) —
t

Consequently,

sup‘P( JBl+JBC_2CBl BC <t> ‘ = 75/ 10+46)).

Let B be the class of all the (:1) subsets of size m of {1,2,...,n} and

- 1
F(t) = ™ Z Lin(1—m/n)(Jp,+J ¢ ~2Cp, pe)<t-
m/ BeB
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For B;,By € B,let I = BjN By, I, = B; ﬂBlC,, I3 = BlcﬂBl/, I, = BfﬂBlC,

and
n n n
_n I _f}.
=3l 4"“1| 4

Referring to (E.17) and (E.18), the proportion of pairs (Bj, By) such that
d(By, By) > n'/?logn is very small. Now we shall show that for B;, By € B
with d(B;, By) < n'/?logn,

n
d(By, By) = max{‘|[1| il

(E.13)
m m
Sup ’P (5@]31 + Jpe — 2Cp,Be) < t, E(JBN + Jps —2CBy,,Bs) < t) -
P

m m
P <§(JBZ + Jpe — 2Cp, Be) < t) <5<JB" + Jpe —2CBy,,Bs) < t)’

_ O(TL_J/(IO—HM)).

For convenience, denote ?Bz =m! Y ic B Y, and )_/Blc, YBWYB;, are sim-
ilarly defined. Let 9 = (4]|I1] — n)/n. Then |I1| = |I4] = n/4 + nd/4,
|Io| = |I3] = n/4 — nd/4 and ¥ = 4d(B;, By)/n < 4n~Y/?logn. Define

YBl, = ?Bz’ — ?Blc/ — 19}731 + 19}7316,
- (Y, — Ype)' (Y, — Ype) — tx(T)
l 1803 ’
7o — 2 (Y, —Yps)" (Y, — Ypg) — tx(T)
' 181G ’
. YT Vi, — (1+92)tr(T)
Ve, = ’
l 1813

A simple calculation shows that
COV(YBZ - YBlC’ Y/Bl’) = 0,

which due to Gaussianity, implies that ffBl, is independent of YB; — }_/Blc.
Then for any € > 0, we have

P mV§l<th§“<t P(VS <t V3 <t
o < e <) e (5 <174 <)

<P<VBl<tVB,<t+e)—|—P(|VB, Vg, >¢)
( ) <VB <t—|—5>+P<|VBl, ffgl,\>5>
( ) <VB <t+25>+2P (\VBZ, 17,‘33[,|>6).

(E.14)
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For the second term,

~ 0 “ o mﬁ(YBl — YB?>T(YBZ/ - YBLC’) %ﬂQ(YBZ — YBIC)T(YBZ — YBZC) — ﬁQtr(F)
VBZ/ - VBZ/ = - :

IT|F IT|F

Observe that

md(Yp, — Yge)' (Y, — Ype) log n
) -

n

m92(Yg — Yge)l (Y — Yie) — 9%tr(T 1 2

30" (Yp, — Ypy) ‘<F‘Bl B;) r( ):192op(1):op((0gnn) ).
F

Employing Lemma F.6 in the Supplementary Material and (E.14), taking

e =n"2/% a similar argument implies that
mVyg mVpg mVyg mVpg
E.15) sup|P L<t, ”gt)—P( l§t>P< l’gt)'
©15) su|P (i < g 2T 2T
= O(n_1/5).

Recall Lemma F.6 shows that for any By, By € B, if d(B;, By) < n'/?logn,

sup [P (2Vi, <1, 2V, <t) =P (2V, <1, 2Vg, <t)] = O(n¥/00+10),
¢ 2 2 2 7 2 7
Thus, applying Lemma F.6, (E.10) and (E.15), we can obtain
m m
sup ‘P <§(JBl +Jpp = 20p,B;) <1, 5 (I, + JB;, — 20, 5;) < t) -

m m
P <§(JBZ + Jpe — 2Cp, Be) < t) P (5(JBV + Jps —2CBy,,Bs) < t)’
= sup ’P (%VBZ <t 5V, < t) - P (%VBZ < t)‘ + O3
t

m m m. o, m. .,
Ssgp’P<§sz§t7 2VBl,gt _P(EVBzSt’EVB,/<t>’

+sup ‘P2 (%VBZ < t) — P? (%vgl < t)‘ +0(n1/%)
(E.16)
_ O(n—d/(10+45))‘

Let By = {1,2,...,m}. Write Hp, = 1%(JBl(31)“’]}3?(31)—2031,310(51))§t' Then
1

EIF(t)— F()? = — > Cov(Hp, Hp,) =L+,
(m Bl,BZIEB
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where I; (resp. I3) represents the sum with pairs By, By with d(By, By) <
n/?logn (resp. d(By, By) > n'/?logn). Note that

Iy = (ni) Z COV(HBZ,HBZ/)
™/ BeB,d(Bo,B)>nl/2logn

< L 4(BeB.d(Bo,B) > n'?logn)

(m)

(E.17) =P (d(BO,J(m,m...,Wn)) >n'2logn|m + ... + 1, = m) ,

where 71, ..., T, are i.i.d. Bernoulli(1/2) with values 0 or 1, and J (71, m3..., 7)) C
{1,...,n} is an index set such that, if m; = 1, then ¢ € {1,...,n} is chosen.
By the Hoeffding inequality,

<P ('7” +o T —m /2| > nl/QlOgn) [P (71 + ..+ T = m)
< 2 exp (n—4lolg2(n))
By (E.16), I; < (1 — pn) - O(n=9/(10+48)y — O(n=8/(10+48)) Thys, we obtain
sup E|F(t) — F(£)[2 = O(n~9/(10+49)y
t

(E.18) < 2v/nexp (—410g2(n)) =: pn

O

REMARK E.1. By the Glivenko-Cantelli argument, Lemma F.2 and Lem-
ma F.J, we also have the uniform version

sup |F(t) — F(t)| 5 o.

PROOF OF THEOREM 3.1. Under the assumption 3.1, applying Taylor’s
expansion, similar to Zhong et al. (2017), we can show T,,(0) = T,,(0)(1 +

op(1)).

By carrying out the same route as it in the proof of Theorem 2.1, we have

n 1 n
SoWIWi— S WITWi| (1+0p(1).
il il

T,(0) = n(nl—l)

Following the same arguments as those in the proofs of Lemma E.1, it can
be shown that Kg defined as follows is bounded,

W —1T)W,|*"

KM =E
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Then Theorem 3.1(i) follows by employing Lemma F.5 in the Supplementary
Material. Since
2

1 n 1 n ‘ 2

Ell— wiw,— =Y wirtw
n(n—l)Z R ! :

il il F

and v/n/kg — 0, Theorem 3.1(ii) follows by Lindeberg Central Limit Theo-
rem. O

PRrROOFS OF THEOREM 3.2. It can be carried out following the same routes
as those in the proofs of Theorems 2.2 and 3.1. O

PrROOF OF THEOREM A.l. For the convenience of presentation, we as-
sume d = 2 in Assumption 2.1. If d > 2, the argument shown as follows still
can be applied to prove the Lemma with more tedious calculations. Denote

P11 pi1+p2 1 * 5 n
2

Z Z m Z Xi1in1kXi2in2k + O-jk,O — EO’j&o E Xi1in1k

J=1k=p1+1 i1,i2 o

Rewrite Qn — Qn = —Ry + Ry, where

p1 p1+p2 *

R = n(n—l Z Z Z Xm XmXsz ijO)ngk,

J 1 k=pi+1i1,i2,i3
p1 p1+p2 *

B B, A 2 KT

J 1 k=p1+1i1,i2,i3,i4

Note that E{%l = 0. Recall that X; = B§;, using the same notation in the
proof of Lemma E.1, it is straightforward to show that
E(XijXik XimXiq) — 0jkomq = E( G Limg). 77),
E(Xij XitXim) = 0.
To this end, under Hy,,

p1 p1+p2
ER} = 2: > Uwﬂm+ﬂm%mﬂﬁawfﬂmemeJ-

n(n —1) 1
J,m 1k,g=p1+1

Using similar arguments in the proof of (E.5),

1 =2
mn—nm—m'QJF

ER? <
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By carrying out similar procedures, by the Cauchy-Schwarz inequality, we
can get
4
ER: = tr(X3)tr(Xdy) + tr2(Z122 4t1(X11 X122 %
2 n(n—1)(n—3)(n—4) (tr(Z1)tr(230) + tr*(Z12321) + 4tr(211512222%21))
1
n(n—1)(n—3)(n —4)

-C (tr(E%l)tr(E%Q) + trz(ElgEgl)) .

Hence, R, /|Z|r = Op(n=3/?) and Ry/|E|r = Op(n~2).
Adopting Lemma E.1 and F.4, under Hg,, we obtain

(E.19)
nQ ez g
P "<t =P Zﬁ(nd_l) <t :O(n—é/(lo—s—@))'
Z|F
d=1

N <
=|F

sup
t

Then Theorem A.1 follows by (E.19), triangle inequality and Lemma F.2.
O

To prove Corollary A.2, we need the following Lemma.

LeMMmA E.3.  Assume that {X;}_, follows a linear process, that is, un-
der Assumption 2.1 with ajj,1,..0, =0 for all1 <1y <lp < ... <l; < N,2 <
1<d,1<j<p. Then, we have

_ . [P
<E20) ‘:’% Z min {4, 1} (tr(Z%l)tr(Z%Q) + tr2(212221))) y

v (v —2)?

E21) |} < —
©21) [ < max{ .5

+ 2} (tr(E%l)tr(E%) + tI'Q(ElQEQl))) .

PROOF OF LEMMA E.3. Similar to Lemma E.2, define o = (5, k), o/ =
(maq) fOI' 1 §]7m Spla D1 + 1 S kuq Spl +p2 =p, we obtain
Ya,of = Cov (Xij,Xqu)
= (v—-2) Z bjibribmibgi + OjmOkg + 0jqOkm,

)

=17 = Li(v—2)*+2La(v —2) + Lo.
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_ nT
Let C = B(l)

Ly = Z Z (ajmakq + O'jqakm)Q

1<3,m<p1 p1+1<k,q<p1+p2
= tr(23)tr(23y) 4 (tr(12501))? + 2tr(211 812829 591),

2
Ly = Z Z (Z ajiakiamiaqi> = Z C?zd?lv

1<j,m<p1 p1+1<k,q<p1+p2 i il

Ly = Z Z (0jmOkg + TjgOkm) ijibkibmibqi

1<j,m<p1 p1+1<k,q<p1+p2 i

By and D = Bé)B(Q), then

2
= Z (Z Cildil> + Z (Z C%Zd?l> .
7 l % l l

Note that tr(EHZnggQZ}gl) = tr(Ba)B(l)Bé)B(g))Q > 0.

Since (cadiy + cardin)® > 0, 32, 3oy cadacardiy + 323 >y cpdiy > 0. We
obtain Lo > 2L;. Thus, by carrying out the same route as it in Lemma E.2,
we can show

[P
‘E‘% > min {4, 1} (tr(E%l)tr(Zgz) + tr2(212221) + 2tr(211212222221))

2
> min {4, 1} (tr(E%Qtr(E%Q) + tr2(212221))) .

Similarly,

=2 V2 (v — 2)2 2 2 2
|27 < max PL +2 (tr(EH)tr(Em) + tr (212221))) .

O]

PROOF OF THEOREM A.2. It can be carried out following the same routes
as those in the proofs of Theorems 2.2 and A.1. O

PROOF OF THEOREM 4.1. Note that Q3 = I and QX = I. Then,

W+ Q-+ Q-+ (Q-Q(E-%)=1.

It follows that
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Let ;. be the j—th row of € and €}, be the k—th column of €. Then,

O — Wik = (2 = D) — (). — Q) (2 — D).
Basic calculation shows that

R:= Z (@ — wjn)® = Z (25.(2 = 2)Qu)? + Z (Y = )3 = 2)Q2y)?

J,k€S J,k€S 3,keS
+2 Z Q](i} - E)Qk(Q] — Qj)(i} - E)Qk
J,keS
= Ri+ Ry + 2R;3.

By the Cauchy-Schwarz inequality, |R3| < v/Rj R, then we have

VR —\/Ri| < \/Ra.

For the index set S C {(j,k) : 1 < j,k < p}, we write

2

p n

N 1

Rl = Z B Z ijqu(O‘mq - Umq) = ﬁ E WiAVVl,
(J,k)eS m,q=1 il=1

where A = (A(ny,g1),(ma.q2))1<mama.q1,g2<p With

A(mhql),(mz,qz) = E Wimy WimyWkq Wkqs -
j,keS

By Assumption 4.2, for 1 < j <p, 0 < KO_1 < 19Q;.]2 < Ko and Apax(X) <
K. Let ||A]|2 be the spectral norm of matrix A. Employing Proposition 2.1
in Vershynin (2012), we have ||¥ — ¥||2 = Op(y/p/n) under Assumption
4.1. Since p/n — 0, we have ||Q||2]|2 — 2|2 — 0 in probability. Under
1€|2]|Z — 2|2 < 1, by Demmel (1997), for any vector w,

10 - 1y e 122/ — =2
o 2= >t 0SB 3) [P S PY /D S 5] [P - ,
|Qul2 1 —[|9Q]|2]|% — X]|2

which implies

C =101 = E

Thus, ||Q — Q|2 = Op(y/p/n) and |Q;. — Q.| = Op(\/p/n).
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By the Cauchy-Schwarz inequality, we have

Ry= ) (5 —0)E-)2) < Y| )(E—-2) - |23
j,kGS ]kES
< K3 Z Q). — Q03 12 -3
7,kES
< KGIS|- Q- 9l - 113 - 23
(E.22) = Op(|S|p*n~2).
Recall that A1 > X9 > ... > A pp—1) = 0 are eigenvalues of A1/2I‘A1/27

fi = tr(AL), fo = (tr(AT) )1/2 Note that fi > f. Denote V := S0P ) y(ny—
1)/ f2, where ng are i.i.d. x3. We first consider case (i). By Corollary F.1,

P(an i o )—P(Vgt)‘—m.
f2
Elementary calculation shows that
P<nR_f1<t) < P(”(m+@)2—f1<t>
fa - f2 -
= P(\/anﬁ\/tf2+f1—\/nR2)
_ P(”lel < (\/tf2+f1\/nR2)2f1>‘

sup
t

fa T fo
Similarly,
5 <nR —fi t) - b (an —h _ (Vth+ A+ VnRy)® - f1>
f2 o o fa B f2 '

By (E.22), nRy/ fo+nRaf1/f2 — 0 in probability. Note that when ¢t — —oc
(resp. t = 00), P(V <t) = 0 (resp. P(V <t) — 1), then (4.3) holds.
Theorem 4.1(ii) follows by the same routes.

APPENDIX F: LEMMAS FOR GAUSSIAN APPROXIMATION

In this section, we present the following lemmas, which are used in the
proofs of the paper.

LeMMA F.1 (Burkholder (1988), Rio (2009)). Let d > 1 and d' =
min{d,2}; let D;,1 < t < n, be martingale differences, and Dy € L for
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every t. Write My, =>_}' | Dy. Then

n
(F.1) IMall7 < C& Y IID:N
t=1

where Cyg = (d— 1)t if 1 <d <2 and Cq=+d—1ifd> 2.

LEMMA F.2. Let |ai| > |ag| > ... > |ap| > 0 be such that Y8 _ a? = 1;
let n; be i.i.d. x* random variables. Then for all h > 0,

(F.2) sup P(t < aim+---+apn, <t+h) < h1/2\/4/7r.
t

REMARK F.1. In the setting of Lemma F.2, if |ag| > ¢ for some constant
c > 0, then by elementary calculations the density of aym+asns is uniformly

bounded. So the left hand side of (F.2) has bound O(h) if either |as| > ¢ for
some constant ¢ > 0 or |a1] < 1/2.

PRrROOF. It follows from Lemma 6.2 in Xu, Zhang and Wu (2014). For the
sake of completeness, we provide their proofs.
Write V = Z?Zl ajnj. Assume |ai| < 1/2. Then its characteristic function

¢v(s) = Eexp(vV/—1sV), s € R, satisfies

[pv(s)] = H1—2Fa3 )2

P
= H(1+4a§32)*1/4
j=1
(F.3) < (14 45% + 8bys* 4 32/3bgs5) 14,
where b4=2j¢ka3a% =1->" ,at >1—a}>3/4and
bg = 1—32@ a2 — Za
J#k
> 1-3Y af [ D aj+al | >1-3d] >1/4.
J k#j

By the inversion formula and (F.3), the density function fi/(-) of V satisfies

fro) =5 [ e Topsas < o [ lov(olds <1
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Now we shall deal with the case that |a;| > 1/2. Note that for all w >
0, sup, P(u < m < u+ w) < w'/?y/2/7. Then sup, P (t <V <t+h) <
(2h)Y/2,/2/m. Combining with the case |a;| < 1/2, we obtain the upper
bound max(h'/2,/4/x, h). Note that (F.2) trivially holds if h > 1. O

LEMMA F.3. LetY; be i.i.d N(u,X) and 6 > 0, then

246
E leTyvl B tr(z) " < I/2+6
— s Vs,
[pa11Fy
2446
}GT}@ d2+5
117 -0

where € is standard normal distribution, vs = 6(2+06)||&%||a1s(1+u" 1/ ||| F)
and ds = 6(1 + 8)II€]13.,5(1 + 1" 1/ IZF).

PROOF. It can be carried out following the same routes as those in the
proofs of Lemma E.1 in the manuscript. O

Assume W1, ..., W,, are i.i.d. with mean 0 and covariance matrix Y. Let
A1 > ... > A, be the eigenvalues of ¥. Let 71, ..., Z, be i.i.d. N(0, ). Define
the Lyapunov-type condition,

244
I/VlTVV2 _ (K6)2+6

[pMi{Fa

(C1)

with K5 bounded.
LEMMA F.4.  Assume that (C1) holds with 0 < 6 < 1. Then,

sup|P(R,, < t) — P(R® < t)| = O(n~%/(10+49))
t

and
sup|P(R, < t) — P(R: < t)| = O(n~%/(10+49)y,
t
where
1 n T 1 n T
s o wTw, 1y STy, _
g, B WIW b GRS AL A ()

1%] 7 " 1%

1%l F



TEST FOR HIGH DIMENSIONAL COVARIANCE MATRICES 69

PROOF. Let h(z) = (1 — min(1, max(z,0)))?* and hy(u) = h(p(u — t)),
¢ > 0. Then it is easy to show

hy = sup{[l/(z)| + | (z)| + |n"(z)]} < oo,

sup |h;5,t(u)’ S h‘*¢7 sup ‘hg,t(uﬂ S h*¢27 sup ’hgtt(u)‘ S h*¢37
u,t u,t u,t

]-ugt S h¢7t(u) S 1u§t+¢*1-

Then, P(R, <t) < Ehgt(Ry).
We first show that

(F.4) sup [Eh (Ru) = Ehos (3| < CLs(n, 0)

where

L — E(WiZW,)' /2 K§+6 244

Let I'; = ;;} Wi+ L1 Z1 and

rfr; — 2:1 WEW, =31 2] Z)

Hi = — )
(n—1D|IX]|F
2Ty,
Ji = : )
(n—1)IZ]|F
ort z,
M, = — it
(n—=1DIZ]|F

Note H; and I'; are independent of W; and Z;.
By taylor expansion, we have

het(Hi + J;) — hgy(H; + M) = T + IT + ITI,

where
I = hy,(H)(J; = M),
IT = SHG () (2 = M),
Then,

EI = E{E(hg,,(H;)(J; — M;)|W;, Z;)}
2 ErwT — 2TVE(W. (TOHD)] —
o (n — 1)||ZHFE [(Wz Z; )E( ¢,t(F2)HZ)} 0,
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1
EIl = EE{E[l”L;’),t(Hi)(Ji2 — Mf)]Wl, s Wity Zig1y ooy Zn }
2

= WE (W J(H)ECTWWITs = T Z Z] T\ Wh, o, Wit Ziga, oy Z) |
fa
=0.

Since 0 < h(z) <1 for all z and |h{f,(u)| < h.¢3, we have
EITT Emin {h.¢®(|Ji]* + | M;|?), het® (| T3> + | M;]*) }

<
< C¢2+5<E|Ji|2+5 + E‘Mi|2+6).

Denote ¢ = 2 + §. For a fixed vector y € RP, ZI'y ~ N(0,y"y). Then
E[ZFy|? = cq(y"2y)9/2.
By Rosenthal’s inequality,

EITuylg < cq (iIW Tyl + (0 = )| ZTyllg + 072" 2y)?2)
Thus,
ITWillg < g (RIWTWalld + n?PEWT SW1)72)
Hence,

nl|WEWallg + nt/2E(WT SW )2
ni[=]%

ElJi? < C

Similarly, [|T;Z;[|4 < ¢q (nRE(WTEW1)9/2 4+ n9/2||2||%). So

T q/2
) AR okas U ki) —a/2
nd||Z[|
Observe that
hot(Rn) = hoi(Ry) = [hei(Hi + Ji) = hg o (H; + M;)].
i=1

By Hélder inequality, since E(W{f ¥W1)9/2 > (EW{ SW1)?/2 = |2/,

TR DI

K1 E TSW. q/2 1
sup [Ehg,e(Rn) — Ehgt(R7)| < C¢q{ 5, EOVi XWh) }

IN

og K  EW{xwy)a/?
ni=2 = 272 |
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Thus,
P(R, <t) < Ehy(Rpn) < Ehy(RS) + CLs(n, ) < P(RS <t+ ¢ ')+ CLs(n, ¢).
Similarly, we can get

P(R, <t)>P(R, <t—¢~ ') = CLs(n,¢).

Let n1,...,mp be ii.d. X2, ¢ty .-, Gp be ii.d. x2_, and they are mutually
independent. Recall that A\ > Ay > ... > X\, > 0. Observe that

Siu 2z ( G )
R, = —F L — = ——_) =p R, — Ra,
(n—D[=]r Z qu n-1) " 8
where
RA = )\ n—l
8= ol ||2HFZ )

Note that ERA = 2(n — 1)~!. By Lemma F.2 and the Markov and triangle
inequalities,

2

P(RS <t)<P(R: <t—¢)+P(|Ra| >¢) <P(R; <t)+ VeVir + m.

Similarly, we have

P(RS <t)>P(R: <t)— f\/zﬁ—m.

Taking ¢ = n~2/5,
IP(RS <t) — P(R: <t)] <3(n—1)"1/5.
Applying Lemma F.2, we obtain

P(R, <t) < Ehgy(Rn) < Ehgy(RS) + CLs(n,¢) < P(RS <t+ ¢~ ') + CLs(n, ¢).
sup|P(Ry < ) = P(R}, < )] = O(Ls(n,6) + 512 4 105
and
sup|P(Rn < 1) = P(R}, < )] = O(Ls(n, @) + 6712 +n™'/%).
By Jensen’s inequality,
E(WISW)?/2 < E[W] Wy|"2 = K24

Then we can choose ¢ =< nl4=2/(+20) — pd/(5+20) gan( the corresponding
convergence rate is O(n~0/(10+49)), O
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For symmetric matrix A, define the Lyapunov-type condition,

W (I — A)W, . A\246
WEAW, — tr(AS) [ .,

2 i e e IO
132 — AX||F e

LEMMA F.5. Assume that (C2) holds with 0 < 6 < 1, 0 > 0 and K§
bounded. Then,

sup|P(Qn < t) — P(QS < t)| = O(¢~ /%)
t

where 1 1 1 1
2 12 246 — »-1/2
(b {\/ﬁﬁo—i_ nK0}+¢ {n5/2 + n1+5} (b ’
Q ! ! ﬁ?w*w 1§?WAW’t(D
" [E—AS|p | n—14= 0 T g2 LT ’
1#l il
Q° ! ! f 707~ 2 f Z;AZ) — tr(%)
" 12— AX|F n—1¢lll n? e
7 1,

Then the convergence rate is n~%/(10+49) 4 /{3/511_1/5, which goes to 0 if and
only if ko/v/n — 0.

PROOF. Firstly, following the same procedure in the proof of Lemma F.4,
we need to show

(F.5) sup [Eng,1(Qn) = Bhg o (Q7)] < CLj(n, 6),
where
4 1 (KA)2+5 1
Ly(n,6) = ¢*{=—mrort o (R4 670 2= b g 64 ).
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Let Iy = Y2 Wi+ Y101 Z1 and

1—1
1 1 n—1 1
H;, = rr— AT — — S wr
E—asiy |no1 U A ”—1; Wi
1 r T 1
s Yzl 7z - w(z) - Etr(AZ) ,
l=i+1
Ll = AW, - GWEAW, 4 fer(AY)
t 1= =AY~ )
v 2 TT( =L 4) 7, — LZTAZ, + Lir(AY)
b 1= — AS[[r '

Note H; and I'; are independent of W; and Z;.
By taylor expansion, we have

hoo(Hi + Ji) — hoo(H; + M;) = I+ 11 + 11,
where
I = hy(Hy)(J; — M),
IT = LH(H)? — M),

It is easy to show that EI = 0.
Since E(W;WI|TI;) = E(Z;ZF'|I";) and EW{ AW, = EZT AZ; = tr(AY), we
have

EIT < c¢”E{E[J] — MPIWh, ... Wi_1, Zit1, .oy Zn]}

SR - el - ") ziz2AZ - w(AD) W, . Wiy, 2 Z
- ||Z—AZ||% n(n—l) ! n L v Lyeees i—1, Lit1y -y &n
— 4)E {ri(f—

n(n —1

n—1

A)Wi(Wi AW; — tr(AD)) Wi, oo, Wint, Ziga,s -y Zn:|

n

1
+5E [(WIAW; — tx(A%))? — (ZT AZ; — tx(AZ)2 Wi, oo, Wist, Zigets ooey Zin) } .

Note E [I;(I — =L A)Z,(Z;AZ; — tx(AX)) W, ..., Wic1, Zig1, .y Zn) = 0.
By Cauchy-Schwarz inequality,

n—1

ET:(T -

A) VI/'Z(I/I/;A/‘U/VZ — tI‘(AE))

n—1
< |ITs( =

A)Will2 [WiAW; — tr(A%)],

n—1
= V=TI = "= AT ¢ [WiAW; = (AT .
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Thus, by Lyapunov-type condition (C2),

cg? _ 4 I o n—1
PEESTANETE

1
g+ I - I

EIl < A)E|| (I = A)X]F

Employing similar derivations, for sufficient large n,

2+ 2+o0 AN2+6

(Fo "+ ¢o") oo, (KF)
EIIISC{W(Z5 +W¢2+5 .

Then, by basic calculation, we can show (F.5). Note ¢, is a constant.
The rest of the proof follows from the same procedure in the proof of Lemma
F.4. O]

Define the Lyapunov-type condition,

2446
E WFAWZ _ KB 2446
- e | W AW: — tr(A%) e
( ) ||AEHF - (TQ) )

COROLLARY F.1. Assume that (C3) holds with 0 < 6 < 1, 0 > 0 and
Kf bounded. Then,

1 & WEAW, — tr(AY) 1 < ZI'AZ) — tr(AX) _1/2
sup [P | = i <t|-P|- : <t]|=0(""?
t lezl IAX][ ””221 A%
where
¢2{f7—0+ To}+¢2+6{T/2+W} ¢~/

Then the convergence rate is n~%/(10+49) 4 73/571_1/5

only if To//n — 0.

LeMMA F.6. Let By,By € {1,2,...,n} and |B1| = |Bz2| = m = n/2. For

, which goes to 0 if and
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k=1,2, denote

1 1 1
Bk = g \mo1 2o WIWit Ty 2 WeW
F i1 By, i'£U EBS

2 Z WZ‘TWi’ ’

1€By i’ €B},

1 1 1

R, = VA —— VAN

n.k IE o SO DI e S D27
1#lEBy, i'£l'eBy,

_2 > Zlz
" B ieB:
Let Iy = By N\ By, I = By N BS, Iy = BS N By and I = BS N BS. Define
2l = 2] sl = 1l = )
Assume that (C1) holds with 0 < § < 1 and d(Bi, By) < n'/?logn. Then,
Sup| P(Rp1 <, Rnp S t) - P(R; | <t RS, < t)| = O(n~0/010T49)

d(Bi, Bs) = max{’][ﬂ -

)

PRrROOF. By simple calculation, we have
S Wi Y Wi Y wiwer Y wiw,

i£leB; i£lel i£lelL i€l el
SNooWiwy= > WiWp+ > WiWp+2 > Wi,
il Al € BS iI£VEly i'£lEl3 Vel el
T T T T
o owiwi= Y wiwi+ Y wiwi+2 Yo wilwg,
i£lEBy i£lel i#lels il lel;
Yo O WiWe= > WiWe+ Y WiWp+2 > WiW,
i'#I'eBS AU ELL BEESIP) ielyl'ely
DRRIEICESD U LIRS LD SUTHD S UL
iGBl,iIEBf i€l i'ely ISP i'ely i€l i'el3
+Y_ WY W,
i€ls Vel
T T T T

S W= W Y Wk W Y Wk Y YW
i€B2,i'€BS i€ly uIn i€ls i'Ely i€l '€l

+Y WIS W

i€l3 i'€lq
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Let
1
V= SO | 2o W 3 WiWer 50 WiWik 3 WiW
m F\ilen i'£lely i#lely i'£lels
NSRS NAR
i€l i'ely lelr l'els
T T T T
o= g | W W W W= W S w- YW
i€l lelr i€l3 lely i€l lels i€la lely
1
il ORGP IR A RPN R EIPIR AT
F \i#ien VAU EL i#£lel, V£l €El;s
SN RUD I
i€l SN lely l'els
T T T T
U5 = Qm,r,z RN EDNNEDNEDNEDR DI
i€l lels i€l3 lely i€l lels i€l lely
Then, we have
2
Rog = Wi +2Vp+ ————u | Y WIWit+ Y  W'W

, _ 2
m(m 1)|F|F ich,lcly i€lz,l€]3

o wiwi+ > wiwi |,
i€l lel i€l3,l€ly

2
Rn’Q — \Ijl - 2\:[]2 + W Z WiTWl + Z W,L'TWI
m{m F \ien,lely icly,lels

+ > wiwi+ Y ww,
i€l lels i€l l€ly

Simple calculation shows that, for j # k and j,k = 1,2, 3,4,

1 1
> WIWi=0p(—).
m

m(m —1)|T|r i€l lel,
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By Lemma F.2 and triangle inequality, applying similar argument in the
proof of (E.10), we obtain,

sup |P(Rn,1 <t Rn,2 < t) - P(\I’l + 2’\1’2‘ < t)’ = O(n*1/5).
t

We approximate |z| by the function

1 8 6 4 2
— = (bx® — 21x° + 3bx™ — 3bx x| <1

|| 0.W..
Then we have that for some constant p,,
sup{[p'(x)| + [p" () + [p" (2)[} = ps < o0
Let py(x) = ¢~ p(¢z), then
2| — 7! < py(a) < Jzf < pyla) + 97"

Recall hy4(+) in the proof of Lemma F.4. Define g4 +(x,y) = hgt(x+2py(y)).
If follows that

Lopopy<t < got(2,y) < Lotoy|<t+3p-1-

By simple calculation, we can show that for some constant g,

0 , 0 T,
sup g(b,t(l‘ y)‘ < .0, sup g¢,t( 3/)) < guoh,
z,Y,t Ox x,y,t
gy 1(z,y) 2 %9 1(z,y) 2
sup |——2—5——| < 9«97, sup |——=——| < 9«97,
.yt Ox? Gu9 Tyt 0xdy 9+
g 1(z,y) Pgsi(z,y)
sup %72 < 9.9, sup ‘#73 < g.¢°,
z,y,t Jy z,y,t Ox
gy i(T,y) 3 Pgsi(z,y) 3
Sup | —5=——-1| < g+0°, sup |———-—1| < g«0°,
i ez e H e e e
Pgsi(z,y)
sup %73 < g. 9>
z,y,t Y
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Note two dimensional taylor expansion,

Ogss(zo.
) 00y

9?9+ (0, y0) ( — 20)(y — yo)

094.+(z0, o)
9o.6(x,y) = 9¢.¢ (w0, y0) + d)T(x

%g.4(x0,y0) (z — m0)?

+ +2

Ox? 2 0xdy 2
+329¢,t(mo, yo) (y — yo0)? N Pgsr(Teys) (x — 20)°
Oy? 2 ox3 3!
+383g¢,t(1'*7 y«) (z — 20)%(y — o) N 333g¢,t($*, ye) (z — 20)(y — Wo)
0x20y 3! Ox0y? 3!
+639¢,t(33*7 Ys) (y — 90)3'

oy3 3!

By expanding g¢.+(V1, V2) — g¢.+(¥], ¥5) similarly as in Lemma F.4, we can
prove, there exist a constant C' > 0,

Sl;p ‘quit(qll: qj?) - Eg¢7t( <1>7 \Ilg)’ < CL5(”? ¢)a

where Ls(n, ¢) is the same as the one in Lemma F 4.
Thus,

P(Rn,l < t7Rn,2 < t) < Eg¢,t(qj1a \IIZ) + Cn_1/5 < qub,t( <1>7 \IJ%) + CL(S(”a ¢) + Cn_1/5
< P(RS; <t+3¢ 1 Ry <t+3¢7)+CLs(n,¢) + Cn~ />,

Similarly, we can get

P(Rp1 <t ,Ryo <t)>P(R,; <t—3¢"" Rys <t—3¢") — CLs(n,¢) — Cn /5.
Applying Lemma F.2, we obtain

SI;p|P(Rn71 <t Rpa <t)—P(RS, <t,RS, <t)| = O(Ls(n, ¢) + ¢~ /2 +n71/5).

Then we can choose ¢ =< n%/ 6429 and the corresponding convergence rate
is O(n—E/(10+46))' n

COROLLARY F.2.  Assume that (C1) holds with 0 < § < 1. Then,
sup|P(Rp1 < t) — P(RS < t)| = O(n~%/(10+49)y,
t
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