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Abstract

Vector autoregressive (VAR) models have a wide range of scientific applications in econo-
metrics, computational biology, climatology, and so on. Prior work has focused on linear
VAR models. However, linear VAR approaches are somewhat restrictive in practice. This
paper introduces the non-parametric sparse additive model, a more flexible framework to
address this challenge. Our method uses basis expansions to construct nonlinear VAR
models. We provide convergence rates and model selection consistencies of the estima-
tors in terms of the dependence measures of the processes, the moment condition of the
errors, the sparsity condition and basis expansions. Our theory substantially extends ear-
lier linear VAR models by allowing non-Gaussianity and non-linearity structures. As our
main technical tools, we derive sharp Bernstein-type inequalities for tail probabilities for
non-sub-Gaussian linear and nonlinear VAR processes. Modulo some constants, our expo-
nential inequalities coincide with the classical Bernstein inequality for independent random
variables. We also provide numerical experiments that support our theoretical results and
display advantages of using nonlinear VAR model for a time series gene expression data
set.

Keywords: Vector autoregressive (VAR) model, Bernstein inequality, Sparsity, Basis
expansion, Time series

1. Introduction

Driven by a diversity of contemporary scientific applications, high dimensional data with
network structure play a key role in statistics. The demand for modelling and forecasting
such data arises from genomics, panel studies in economics, environmental studies, and
communication engineering, among others. For example, reconstruction of gene regulatory
networks from expression data has become a canonical problem in computational system
biology (Lawrence et al., 2010); analysis of roll call of legislative bodies is essential in
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political science (Morton and Williams, 2010); understanding climate changes implies to be
able to predict the behavior of climate variables and their relationship (Liu et al., 2010).
The inference of networks that describe how variables influence each other has emerged
simultaneously from all these fields.

Over the past decade, a number of statistical models have been developed for estimating
networks from high dimensional data. Graphical models have emerged as a powerful class
of models and a large amount of theoretical advances have been introduced for independent
and identically distributed (i.i.d.) data under structural assumptions; e.g., see Bithlmann
and van de Geer (2011). Under time series setting, there also exists a substantial literature
on network inference based on sparse linear models or Granger causality concepts. Fried-
man (2004) and Lebre (2009) applied dynamic Bayesian networks to time series data. Basu
and Michailidis (2015) investigated theoretical properties of Lasso penalized high dimen-
sional linear vector autoregressive (VAR) models for Gaussian processes. This was further
extended to multi-block VAR models in Lin and Michailidis (2017). Guo et al. (2016) pro-
posed a class of VAR models with banded coefficient matrices. Gao et al. (2019) extend the
idea of banded coefficient matrices to study spatio-temporal VAR models. Hall et al. (2018)
studied regularized high-dimensional autoregressive generalized linear models. Ghosh et al.
(2019) developed a Bayesian VAR model with multivariate stochastic volatility.

Despite many mechanisms (e.g. regulatory methods in biology, cf. Sima et al. (2009) for
a survey) involve nonlinear dynamics, very limited work focused on network inference for
variables in the presence of such dynamics. Mazur et al. (2009) and Aijé and Lahdesmiki
(2009) applied Bayesian learning to deal with the stochasticity of biological data. Lim et al.
(2015) introduced a family of VAR models based on different operator-valued kernels to
identify the nonlinear dynamic system. Zhou and Raskutti (2018) provided a framework of
autoregressive models under the generalized linear models by exploiting reproducing kernel
Hilbert spaces, and analyzed the convex penalized sparse and smooth estimator. In this
paper, we aim at extending the framework of sparse linear VAR models to that of sparse
non-parametric nonlinear VAR models.

The goal of this paper is two folds: (i) to develop sharp inequalities for tail probabilities
for non-sub-Gaussian nonlinear VAR processes; (ii) to propose a new class of methods for
high dimensional non-parametric VAR models and to apply our inequalities to obtain theo-
retical properties of £1 regularized estimators. It is expected that our framework, inequalities
and tools will be useful in other high-dimensional linear and nonlinear VAR, problems.

In our theoretical framework, we shall consider the following nonlinear VAR models

Xi = h(Xi1) + BP(Xi ) + - + hD(Xi_g) + &, (1)

where ¢, € RP,4 € Z, are i.i.d random vectors, X; = (Xiyl,...,Xi,p)T e R, pU) =
(hgj),...,hz(gj))T and hg) :RP - R, 1 < j <d,1 <k < p, are real-valued functions.
By stacking lagged vectors, we can let d = 1 in (1) and consider the nonlinear VAR(1)
model. Then (1) can be rewritten as

X; = h(Xz_l) —+ €. (2)

Based on model (2), we shall develop sharp Bernstein-type inequalities. Establishing
exponential-type tail probability inequalities for temporal dependent processes is a chal-
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lenging problem. There has been some effort to derive concentration inequalities for non-
i.i.d. processes. For example, generalizations of Bernsteins inequality to a-mixing and
¢-mixing random variables have been studied in Bosq (1993), Modha and Masry (1996),
Samson (2000) and Merlevede et al. (2009, 2011), among others. Zhang (2021) provided
Bernstein-type inequality for dependent random variables under geometric moment contrac-
tion. Exponential-type inequalities were also derived for sums of Markov chains in Douc
et al. (2008) under some drift condition and in Adamczak (2008) under the minorization
condition. Unfortunately, all these inequalities involve extra non-constant factors to ac-
count for weak dependence, and are not as sharp as Bernsteins inequality for independent
random variables. Recently, Fan et al. (2018) and Jiang et al. (2018) established sharp
Hoeffding-type inequality and Bernstein-type inequality for stationary Markov dependent
random variables. Chen and Wu (2018) derived exponential inequalities and Nagaev-type
inequalities for one dimensional linear (or moving average) processes under both short- and
long-range dependence. Due to the interactions between temporal and cross-sectional de-
pendence, tail probabilities of high dimensional time series is much more complicated than
one dimensional ones. In this work, we establish Bernstein-type inequalities for nonlinear
VAR processes. Modulo some constants, our Bernstein-type inequalities are as sharp as the
classical Bernstein inequality for i.i.d. random variables. To the best of our knowledge, we
are among the first to develop sharp Bernstein-type inequalities for high dimensional time
series.

To study nonlinear dynamical systems from high dimensional time series data, in this
paper, we introduce sparse additive non-parametric VAR models. Our method combines
ideas from sparse linear modelling, additive non-parametric regression and VAR models.
Each nonlinear function hj, 1 < j < p, in model (2) can be expressed as:

hi(x) = hjrlas),
k=1

where 7 = (21,...,7p)" € RP and hyi(-) are functions of one dimensional variables. The
underlying VAR model is similar to sparse linear regression, but we impose a sparsity
constraint on the index set {(j, k) : h;i # 0} of functions hj;, that are not identically zero.
Then we estimate each nonlinear function A, in terms of a truncated set of basis functions.
Ravikumar et al. (2009) proposed a sparse additive linear models using a basis expansion
and LASSO type penalty under i.i.d. data. Meier et al. (2009) considered a sparsity-
smoothness penalty for high-dimensional generalized additive models. Koltchinskii and
Yuan (2010), Raskutti et al. (2012) and Yuan and Zhou (2016) studied a different framework,
sparse additive kernel regression, for the cases where the component functions belong to a
reproducing kernel Hilbert spaces. They penalized the sum of the reproducing kernel Hilbert
space norms of the component functions. Their sparse additive linear models are extended
to autoregressive generalized linear models in Zhou and Raskutti (2018). Lim et al. (2015)
introduced operator-valued kernel-based VAR models, and developed proximal gradient
descent algorithms. However, their paper does not provide any theoretical guarantees.

In this work, our method has the nice feature that it decouples smoothness and sparsity.
This leads to a simple block coordinate descent algorithm (cf. Ravikumar et al. (2009)) that
can be carried out with any non-parametric smoother and scales easily to high dimensions.
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Besides, with our new probability inequalities as primary tools, we can analyze the proper-
ties of ¢ regularized estimators under non-Gaussian errors in the context where p is much
larger than n. Roughly speacking, p can be as large as €™ for some constant 0 < ¢ < 1
if ¢; has finite exponential moments, and the power constant c is related to the truncated
number of basis expansion. We shall give a detailed description on how the dependence
measures of the processes, the moment condition of the errors, the sparsity of functions and
basis expansion affect the rate of convergence and the model selection consistency of the
estimator.

The rest of the paper is structured as follows. Section 2 presents Bernstein-type in-
equalities for nonlinear VAR processes in (2) under Lipschitz condition and different types
of moment conditions for the error processes. In Section 3, we first formulate an ¢; regular-
ized optimization problem for nonlinear VAR models in the population level that induces
sparsity. Then we derive a sample version of the problem using basis expansion. Theoretical
properties that analyze the effectiveness of the estimators in the high dimensional setting
are also presented. Simulation studies and real data analysis are carried out in Section 4
and 5, respectively. Proofs of Theorems in Section 3 and technical lemmas are contained in
Section 6.

We now introduce some notation. For a vector z = (1, ...,2,) ", define |z|, = (|z1]? +
e 2DV g > 1, |z| = |2|2, and abs(x) = (|21],...,|%p]) . For a matrix A = (a;j),
write [Afoc = max;;[a;|, the Frobenius norm |[[Allr = (3_;; a?j)l/Q, the spectral norm

| All2 = maxy,|,<; [Az|2 and the matrix infinity norm [|Allec = max; 3, [ai;|. Let Amin(A)
(resp. Amax(A)) be the minimum (resp. maximum) eigenvalue of A. Let & = (&1, ...,&,) " be
a random vector. Write & € L™, m > 1, if the m-norm ||€||,, := (E|£|™)"/™ < co. Denote
Il€]] := ||&]]2. For two sequences of real numbers {a,} and {b,}, write a,, = O(b,,) (resp.
an = by) if there exists a constant C' such that |a,| < C|b,| (resp. 1/C < ay /b, < C) holds
for all sufficiently large n, and write a,, = o(by,) if lim,,_, o0 ap /b, = 0.

Let €,i € Z, be iid. random vectors and Fp = (...,€x_1,€r). Define projection
operator Py, k € Z, by Py(-) = E(:|Fk) — E(:|Fx—1). Let (€},) be an i.i.d copy of (e;). For
Xi =H(...,€i—1,€), where H is some measurable function, we define the coupled version
Xigwy = H( . -1, €)r €k+15 - - - » €), which has the same distribution as X; with € in the
latter replaced by an i.i.d. copy €.

2. Bernstein Inequalities for Nonlinear VAR Processes

Exponential inequalities play a fundamental role in high dimensional inference. Differently
from i.i.d data, directly applying concentration inequalities for dependent random variables
to high dimensional time series problems may lead to suboptimal results in many cases, due
to the interrelationship between temporal and cross sectional dependencies. Zhang and Wu
(2017) and Zhang and Wu (2020) introduced new dependence measures to describe temporal
and cross-sectional dependence of high dimensional time series, then derived Fuk-Nagaev
type inequalities for heavy tailed random vectors to study statistical properties of sample
mean vector and spectral density matrix estimation, respectively. In this section, we shall
present new and powerful inequalities for tail probabilities of nonlinear vector autoregressive
(VAR) processes. The processes can be non-Gaussian. In Theorems 1 and 4, we provide
Bernstein-type inequalities for nonlinear VAR process under finite moment condition and
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exponential moment condition, respectively. In contrast, exponential inequalities provided
in Basu and Michailidis (2015) are only applicable to Gaussian processes and linear VAR
models with Gaussian innovation vectors (cf. Proposition 2.4 therein).

To establish exponential inequalities, we introduce the following assumptions on function
h and errors €; in model (2). Recall || - | is the matrix infinity norm.

Assumption 1 Consider model (2), let h = (hy,....,hy)" and hj : RP - R, 1 < j < p be
real valued functions. Assume that componentwise Lipschitz condition holds for each h;.
That is, for any © = (21,....,2p) ,y = (y1,.,Yp) € RP, 1 < j < p, there exists coefficients
Hji. > 0 such that

[hj(@) = hi(y)| <> Hyglwy, — yl. 3)
k=1

Write H = (Hjg)pxp and ||H| oo = maxi<j<p y p_q Hji. Assume there exists a constant
0 < p <1 such that |Hl||co < p.

The above assumption requires componentwise Lipschitz condition for nonlinear VAR
processes. If Assumption 1 fails with |[H||oc = 1, then X; may not have a stationary
solution. A prominent example is the random walk X; = X; 1 + ¢; which has ||H||. = 1.
This assumption can be easily extended to nonlinear VAR(d) processes. See also Chen
and Tsay (1993), Diaconis and Freedman (1999), Jarner and Tweedie (2001), Shao and Wu
(2007), Fan and Yao (2008) and Chen and Wu (2016) for nonlinear autoregressive processes.
Intuitively, p quantifies the strength of dependence. For example, in one dimensional AR(1)
model, X; = pX;_1 + ¢;. Larger p suggests stronger dependence.

Assumption 2 For i.i.d. random vectors ¢; € RP, ¢ € Z, assume
(i) (finite moment) pq = maxi<j<p | €jllq < 0o for some ¢ > 2.

(it) (exponential moment) pe := maxi<j<p E(exp(coleij|)), for some ¢o > 0.

We first consider the finite moment case of the error vectors ¢; (cf. Assumption 2(i)). The
following theorem provides a Bernstein-type inequality for bounded Lipschitz continuous
functions.

Theorem 1 Assume that function g : RP — R, is Lipschitz continuous with |g(z) — g(y)| <
S P Gilzi — yil, for any x = (w1, ..., 7)),y = (y1,..,Yp) | € RP, where G; are Lipschitz
coefficients. Denote G = (G1,...,G,)" and 7 := |G|, = > 5_1Gj. Further assume g is
bounded with |glocc < M. For the VAR process (2), under Assumption 1 and Assumption
2(1), we have, for all z > 0,

22

IP’(} En: (9(X3) — Eg(Xi))’ > z) < 2 arinteprhz (4)
=1

where ¢1 and cp are positive constants only depending on q, p and fi,.
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Based on the proof of Theorem 1, we can have the explicit form for coefficients ¢; and co
as ¢; = 32e2(—p*logp) 2u3 and ca = 8e(—p?logp) L. If function g is bounded by an absolute
constant, then we can simplify above tail inequality and obtain the following Hoeffding type
inequality.

Corollary 2 If g is bounded with |g|ec < 1, then we have

P(| Y (o) — Bg(x)| > =) < 20/ (5)
i=1

where c1 is a positive constant depending only on q, p and jig.

Remark 3 Note that up to a multiplicative constant, our Bernstein-type inequality (4)
coincides with classical Bernsteins inequality for i.i.d. random wvariables. Thus one can
expect sharper convergence rates for estimators of such processes. We remark that majority
of the previous inequalities for temporal dependent processes do not recover Bernstein’s
inequality. For example, under geometric moment contraction with decay coefficient 0 <
p <1 (see Wu and Shao (2004)) and assume | X;| < M, Zhang (2021) provided the following
Bernstein-type inequality,

P

where c1, ca are some constants only depending on p, and c3 < o0 is a positive constant mea-
suring the temporal dependence. Similarly, Merlevéde et al. (2009) obtained a Bernstein-
type inequality for a class of exponentially decay a-mizing and bounded random variables,

o(

where ¢1 > 0 and | X;| < M. Both involve an extra log(n) factor. Our sharp Bernstein-type
inequality is of independent interest. We expect our sharp inequality can be useful for other
high dimensional linear and nonlinear time series problems.

n

> (X —EX))

i=1

52
>z) < -
= Z) =P { 4eq(esn + M?) + 262M<10g(n)>2z} 7

n

> (X —EX))

i=1

> ) < Q12"
z) <expl —
=) =P\ 1 Milog(n)loglog(n)z |’

Proof (Proofs of Theorem 1) Without loss of generality, assume |G|; = 1. Recall Fj, =
(...,€k—1,€;) and the projection operator Py(-) = E(:|Fx) — E(:|Fkx-1), k € Z. For X; =
H(...,€—1,¢€;), where H is some measurable function, we define the coupled version

/
Xz,{k:} = H( ey €k—15 €Ly €k+15 - - - ,62').

For x = (x1,...,1p)", write abs(z) = (|z1],...,|x,|)". Since g and h; are both Lipschitz

continuous,

|Phg(Xs)| = |E(9(X3) — 9(X; )1 Fw)|
< E (GTabs(Xi - Xz,{k})‘Fk)
<E (GTHi_kabs(ek - 6;6)‘.7-';@) . (6)



NONLINEAR VECTOR AUTOREGRESSIVE MODELS

Let Sn(9) = iy (9(Xi) — Eg(X;)). For k < n, denote & = Py(Sn(g)). Then Sy(g) =
> k<n Sk- Note we have

P(S,(g) > 22) < ( S €k>z)+]P’( Z §k>z>— I + 1.
—n<k<n
By Assumption 1 and |G|y < 1, |[H*TG|y < ||H| %G1 < pF. Denote v; = H*T G. Since
|9lcc < M, |Prg(X;)| < 2M. Thus by (6) we have

n

n
&l < S 12Xl < Y min {vaE(abs(ek—e;c)‘]-"k),QM}, with |uil1 < pi. (7)
=1 i=kV1

For I, let h* := —p?(logp)/(4eM). By Lemma 10 and (7) for any 0 < h < h*, E(elé") < oo,
Note that E(&|Fk—1) = 0. Then
E(es M Fp1) = 14+ E(e%" — &.h — 1| F_y)
[€elh — || h — 1
e k
[ h2 ‘I’H]hZ’ (8)

in view of e* — 2 < el®l — |z| for any z. Note that for any fixed = > 0, (e!* — tx — 1)/t? is
increasing in ¢t € (0,00). By Lemma 10,

<1+E

[ ) [T S ] < idonn < es < o
(9)

where c3 = 4e?(—p*logp)~2u3. Hence for any h < h*, by (8) and (9),
E(e""| Fi1) < 1+ czh®. (10)

By Markov’s inequality we have I} < e_Zh]E[eXp(Z_TKkSn &:h)]. Let b = min{z(4c3n)~, h*},
then by recursively applying (10),
Iy Se*ZhE (622;1n+1 §khE(e£nh|]:n_1)>
<e (14 czh®)™"

Sexp( —zh+ 2n03h2)
2

SeXp{ — Z—} (11)

8csn +caM=z

where the third inequality is due to 1 + 2 < e for > 0, and ¢4 = 8e/(—p*logp).
For Iy, by (7), ||€kllg < S0y 0%y < pt=%(1 — p)~tpy, for k < 0. Then by Lemma 9,

L< (-1 Y )"

k<—n
_ a/2
< (@172 Y )
k<—n
< e5pT )27 = cze” o8P /zq (12)
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where c5 = (¢ — 1)9/2ud(1 — p)~39/2 only depends on p, q and .
Combining Iy and Iy parts, the desired result follows by noticing z < 2Mn. |

If the error vectors ¢;,i € Z, satisfy stronger moment condition than the existence of
finite gth moment, we expect that a stronger form than (4) exist. Indeed, when ¢; has
subexponenial tail (Asumption 2(ii)), we are able to obtain an improved Bernstein-type
inequality. Different from the above Theorem 1, in the following Theorem 4, function g can
be unbounded.

Theorem 4 Assume that function g : RP — R, is Lipschitz continuous with |g(z) — g(y)| <

SP Gilw; — yil, for any z,y € RP. Denote G = (G, ...,Gp)" and 7 := |G|1. For the VAR
process (2), under Assumption 1 and Assumption 2(ii), we have, for all z > 0,

P(

where ¢1 and ca are positive constants only depending on p and (.

22

> 2) < 20 ara, (13)

> (9(Xi) — Eg(X5))

i=1

Proof (Proof of Theorem 4) Without loss of generality, assume |G|; = 1. Similar to
the proof of Theorem 1, let Sn(g9) = Y1 (9(X;) — Eg(X;)), and & = Pi(Sn(g)). Then
Sn(9) = 2p<n &k, and

P@M@ZZ@gP( 3 &22)+P(§:£k2%::h+b.

—n<k<n k<—n

Denote v; = H'T G and wy, = > 1vk Viek- Since (6) still holds, we have

6l < D vl jE(abs(e — €,)| Fi) = wfl E(abs(e — €,)|Fi). (14)
i=kv1

For In, k < —n, |wgl1 < p'7%/(1 — p). Let h* := co(1 — p)/p. By (8) and (9), for any
0<h<h*

eléelh™ g e — 1 E(el M — 1], 1)

h*Q

E@&MH4J§1+E[ K2 (15)
Let ar, = p"~%/(1 — p) and uy, = wy/ay, then

E(elsh* —11F,_) < }E(ewzabS(Ek—%)h* _ 1) — }E<600ugab8(ek—ek)p‘k _ 1>'
If f(0) =0, then E(f(X)) = [~ f'(t)P(X > t)dt. Therefore we further obtain

E(elh" —1|Fy) < / etp_kp*kP(cougabs(ek —¢€)) > t)dt
0

IN

p_k/ﬁ e M 2dt < p 7R - p) M, (16)
0
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Since 1 + z < €*, by (15) and (16),
E(eS"| Frmr) < 1+ p7 (1 — p) L2 (h) 7202 < e (17)
where c3 = p2(1 — p)*3p2ca 2 Recursively applying (17), we can obtain
I, < e_Zh*E(eZkan Skh*) < exp(—zh* + c4p"h*?),

where ¢4 = ¢3/(1—p). Similar to (11), we can bound the I; part and we complete the proof. B

It should be emphasized that our Bernstein-type concentration inequalities are sharp,
and does not contain any unpleasant extra logarithmic terms. These inequalities are useful
for handling non-Gaussian VAR problems. They also suggest an interesting phenomenon,
that the effect of dependence is captured by the multiplicative constants in the tail bounds.

3. Sparse additive nonlinear VAR models
3.1 The model

Assume that we are given observed time series data Xi,..., X,, € RP sampled from a dy-
namical system comprising p variables. We are interested in inferring direct influences of
a variable j on other variables k # j, 1 < k < p. For example, in linear VAR models,
X; = GX;_1+¢€;, where G is p X p coefficient matrix. The set of influences among variables
can be captured by a network matrix A = (a;i) of size p x p for which each coeflicient
a;i = 1 if variables k influences the variable j, and 0 otherwise. For simplicity, we assume
that a first-order stationary model is adequate to encode the temporal dependence of the
system. In other words, we consider nonlinear VAR model (2),

X, = h(Xi_l) + €,

where the dynamics is captured by a possibly nonlinear function h.

Linear VAR models (h(X;—1) = GX;_1) or other parametric models explicitly involve a
matrix that can be interpreted as network matrix, and its estimation (also possibly sparse)
can be directly accomplished, see, for example, Basu and Michailidis (2015) and Hall et al.
(2018). However, for nonlinear models, this becomes a more involved task and estimation
of function h can be very challenge. In this work, we propose to use a new class of high di-
mensional sparse additive non-parametric VAR models. Specifically, we assume an additive
model for each function h;:

hi(z) = hjrlas), (18)
=1

where hj, : R — R, 1 < 5,k < p, z = (xl,...,wp)T € RP. Then, each function hj; gives
a score to the potential influence of variable k on variable j. Our strategy is to use the
empirical mean of the estimated functions hj; in terms of the data X7, ..., X:
1 n
D

=2

Bjk(Xi—l)‘ :
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where ﬁjk is estimated by the penalized least squares procedure (19). To provide a final
estimate of A, these coefficients can be sorted and thresholded in some way.

Let II denote the distribution of X; and let II; denote the marginal distribution of X ;
for each 1 < k < p. Denote Ly(Il}) norm of hj by

Akl 2 = \// z)dIlg(z) = |/ Ehj(Xix)?.

Our estimator in the population level is given by the following penalized least squares
problem:

(hje,1 < j,k <p):=  argmin Zf X; — h(Xi-1) +AZthkllnk2 . (19)
hin€Hx,1<5,k<p k=1

where h is some additive function in (18), H;; is a suitable class of functions, f is the
loss function. Empirical version of ||hx|/m, 2 is given by (n=' Y7, h?k(Xi,l,k))l/Q. In our
analysis, we let f be the £y loss function.

Assumption 3 (Basis function) For each 1 < j k <p, let (¢ :1=1,2,...) be an or-
thonormal basis such that sup, |, (x)| < B. Assume that our function class Hjj, satisfies

ij:{ jk - h]k Zb]kle,kl Zb l12ﬁ<02}7 1§j7k§p7

for some 0 < C < o0, § > 1.

Note that it implies that Y72, . b%2 e S C2L728. This condition corresponds to the
functional class condition in Ravikumar et al. (2009). Such condition is standard, commonly
imposed for basis expansion. Order S identifies the level of smoothness in the Sobolev space.
It is also possible to set adaptive § for different j, k, although we do not pursue that direction
here.

(L)

Let L = L,, be a truncation parameter and h ik be an approximation of hjj satisfying

L
Dy = > btea()
=1

In this setting, hg.j,.;) can be thought as the projection onto the truncated set of basis functions
{ik1s ikt Then, for 1 < j k <p,
(1) - L)
Xi’j = Z hjk (Xi—l,k:) + 7ij + €ij, where ri; = Z[hjk(Xi—l,k:> — hﬁk (Xi—l,k)] (20)
k=1 k=1

is the reminder term, representing the bias of the basis expansion.

10
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Define the oracle coefficients in basis expansion and the design matrix as follows
T
b;k'k = (b;k Lo bien) s
T
( 3,10 0 7b;(p ) )
b )T, (21)

(
%, 1 () = W1 () oy e (D) T
(@) = (W1, (@1), s () T

where = = (z1, ...,azp)T € RP. Let r; = (141, ...,rip)T. Then (20) can be rewritten as

77b1,-,~(AXz'—1)T 0 0 ... 0
0 ’(ﬁQM.(Xi_l)T 0 ce 0
Xi = 0 0 s (K)o 0 b* + r; + €.
0 0 0 . 1/’p,~,-(Xi—1)T
= WX )TV e (22)

By (21), for vector b = (bjk.)1<jk<p and b; . € R%, define the (2,a) group structure
norm
1/a

P L a/2
blaa = [Bjl2la = | D (Z b?,k,l) : (23)
1 \il=1

Jrk=

where « > 1. For instance, with the choice o = 1, this norm corresponds to the regularizer
that underlies the group Lasso. For a = oo,

I 1/2
' 2
|bl2,00 := [|bj &, [2|00 = 1;“%? (; bj,k,l) :

Then the solution to the optimization problem (19) can be approximately estimated
through

R . 1 n P 1 n
b::argll)nln n;f(Xi—\I/(Xil)Tb)—k)\Z E; ik (Xic1 k) Toje)2 ¢ (24)

J,k=1

Note that it can be viewed as a functional version of the group lasso. Standard convexity
theory implies the existence of a minimizer. Using empirical norm

n 1/2
1
| fllmy,2.0 = <n E f2(Xi—1,k)) :
i1

the minimizer (24) can be written as

b= arglljrnin Zf (X; —U(Xi_1)"b) + A Z 19 1 bk e 2im ¢ - (25)
7,k=1

11



Han, CHEN AND WU

Lim et al. (2015) introduced operator-valued reproducing kernel-based VAR models.
The advantage of our formulation is that it decouples smoothness and sparsity, and thus
we are able to apply block coordinate descent algorithm (cf. Ravikumar et al. (2009))
to construct the estimator. In the following section, using the Bernstein-type inequalities
developed in Section 2, we provide theoretical properties of our ¢; regularized estimators
by assuming that this particular smoother in (25) is being used.

3.2 Asymptotic properties

To facilitate the theoretical analysis, we impose the following assumptions on the functions
hjr (1 < j,k < p) and the basis expansions. For a function f : R? — R, denote ||f|2 :=

(Jpa £2(@)d2)'7? and || flloo = supycpa | f(2)].

Assumption 4 There exist constants ¢y, ¢r, > 0, so that
Amin{ BU (X 1)0(X;1)7 } > 01, (26)
and

5 M { Bty (Ko i1y (X ) T } < b (27)

Assumption 4 is similar to Assumption 3.3 in Fan et al. (2016) on the basis functions.
When in the population level EW(X; 1)¥(X; 1) is well-conditioned, we provide the fol-
lowing proposition in relation to the sample version of the minimum restricted eigenvalue

and maximum eigenvalue. Note that L < n. Then the sample version of the maximum
eigenvalue (27) can follow from the strong law of large numbers.

Proposition 5 Suppose Assumptions 1 and 2(ii) hold. Assume sup, |Vji(x)| < B for
any 1 <j,k<p,1 <I<L.
(i). Assume that (26) hold and that for some constant ¢ > 0, for all w € RF*L
E(w U(X)W(X;) Tw)? < e(w BT (X)W (X)) w)?.

Then, with probability at least 1 — p=¢ — p2e=2n/108(0)  for all u € RPL with, |uly = 1,

min — Zuij ( i)Tu > @ — l _ Cglog(n)log(pL) ) |u’% (28)

1<j<p n 4 -2 n n ’

where c1,co,c3 > 0 are constants independent of n,p, L.
(ii). Assume that (27) hold. Then, with probability at least 1 — p=¢4 — e=¢sn/108(n)  for
all u € RY with |u|y = 1,

log(n)(logp + log L
max qu b (X Z_Lk)%k,.(xi_l,k)wg¢U+c6L\/ g(n)(logp +1ogL) o)

1<j,k<p N “ n

where cy4,c5,c6 > 0 are constants independent of n,p, L.

12
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Assumption 5 Let S := {(j,k) : hjr # 0,1 < 5,k < p} and Sj == {k : hj £ 0,1 <
k < p}, 1 < j < p. Assume that nonzero indices sy := maxi<j<p y p_q Lip,20 =
maxi<;<pCard(S;) = o(p), and s := Z?,k::l 1,20y =Card(S) = o(p?).

Assumption 5 imposes a sparsity condition on the nonlinear functions. Structural spar-
sity condition is often used in high dimensional setting, for example, Cai and Liu (2011) in
covariance matrix estimation.

The following Proposition 6 provides an upper bound of the reminder part |r;|~ in terms
of smoothness level 3, the number of the basis functions L, and sparsity level sg.

Proposition 6 Under Assumptions 8 and 5, we have
riloo < BC(28 — 1) tsoLY/275,

Formally, we have the following asymptotic properties for the /1 regularized estimators.
Theorem 7 shows how the rate of convergence of b — b* and the errors of the estimated
functions izjk depend on the sparsity of functions, basis expansions, the dependence strength
of the processes and the moment condition.

Theorem 7 Suppose Assumptions 1, 2(ii), 3, 4 and 5 hold. Let b be the corresponding
LASSO solution given in the optimization problem (24). Consider the estimator

L
hjr(x) = Z%,k,z(ﬂﬁ)bj,k,z, 1<j,k<p. (30)
=1

Assume that there exists a constant ¢y > 0, such that for all u € RPZL,
E(u W(X)W(X,) Tw)? < er (u E(U(X)U(X,) u)’,
Assume that

Llog(pL)
n

A > o + soL17P), (31)

for some cg > 0. Also suppose that
n > c3soL - log(n)log(pL) + c3L? - log(n)log(pL)

for some sufficiently large constant cs. We have, with probability approaching one (asn,p —
00),

b—b"la < caV/sh, (32)

p
DD bk —hirls < essA?+ essLP, (33)

p
=1

J=1

where ca,c3 > 0 are constants depending on p and .

13
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Note that as s < sgp, (32) and (33) imply that

max |bj.. — bj..l2 < cay/s0A,

1<j<p
P

max Z Hiljk — h]kH% < 0580)\2 + 6580L72ﬁ,
1<j<p 1

where b* and b7 . is defined in (21) and (22). The quantity p indicate the strength of
dependence of the processes, and the constant p. correspond to the moment condition.
Theorem 7 indicates the dependence measures of the processes and the moment condition
do not affect the convergence rate if both Assumptions 1 and 2(ii) hold with p < pp < 1
and pg is a constant. Besides, the second term in (33) reveals the bias of basis expansion in
the estimated functions. Theorem 7 implies that p can be as large as €™ for some constant
0 < ¢ < 1 if ¢ has finite exponential moments, and the power constant c¢ is related to the
truncated number L of basis expansion.

It is interesting to compare the two terms in the requirement of A (31). In the case with
relative low dimensional log(p) < s3nL'~2# and low basis number L < sg/(w*l)(n/logn)l/(QB_l),
the part of basis expansion bias, which corresponds to soL'~?, dominates. On the other
hand, if the dimension p is large such that log(p) > s3nL'~2# or basis number L is large with
LZ> sg/(w*l)(n/logn)l/(%_l), then the dominating term is the first part (n~!Llog(pL))'/2.

The setting in our Theorem 7 is very general as it allows a wide class of non sub-Gaussian
nonlinear VAR processes. Han et al. (2015) and Basu and Michailidis (2015) considered
the special case of the estimation of transition matrices of linear VAR model under the
assumption that errors ¢; are i.i.d. Gaussian. Our setting also allows a large number of
parameters in the context that the dimension p can be much larger than sample size n.
Moreover, (24) leads to sparse solution 13, that is B]k = 0 for some 1 < j,k < p. By
checking non-zero vectors of B]k =0,1 < j,k < p, we can construct the network matrix
A. A theory-free principle was advocated in Sims (1980) for inferring economic relations
between variables of linear VARs. Theorem 8 provides theoretical guarantee for model
selection consistency.

Instead of Assumptions 4, we shall consider model selection consistency under the fol-
lowing condition. To simplify the notation, let W, (X;) = (¢ (Xix) ", k € S;), be a vector
in RE-Card(S) - where Y} k.. is defined in (21). Denote

g, (X)) T 0 0 0

0 U, (X;)" 0 0

Ug(X;) = 0 0 U, (X)) T 0
0 0 0 \I/Sp(Xz)T

14
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Assumption 6 There are some constants ¢max, Pmin > 0,0 < & < 1, so that with probabil-
ity approaching one (as n,p — o), we have

mln{ Z ‘I’S i—1 \IJS(Xz 1) } > ¢min > 07 (34)
max{ Z \I]S i—1 \IIS(XZ 1) } < ¢max < o0, (35)
and

n -1
Z (X1-1)Ws; (Xi1) )

¢min . 1-—
¢max

max max ( Z%k i—1,k) Vs, (X

1<j<p keS;

v
N
:\H

(36)

This assumption corresponds to the condition of Ravikumar et al. (2009). Similar
to Assumption 4, (34) and (35) are also standard, and are commonly imposed for high-
dimensional regression analysis. Besides, (36) relates to the incoherence condition, see e.g.
Wainwright (2009).

In Theorem &8, we show that, under certain conditions, our method recovers the sparsity
pattern asymptotically. Recall S := {(j,k) : hjr # 0,1 < j,k < p}. Then S = {(j,k) :
biy. # 0,1 <4k <p}. Let Sy = {(j,k) : bj,. #0,1 <4,k <p}.

Theorem 8 Suppose Assumptions 1, 2(ii), 3, 5 and 6 hold. Let b be the corresponding
LASSO solution given in the optimization problem (24). Let 8 > 3/2. Assume that

L? -log(pL
S0 Og(p )+SOL1725/3_>0’ (37)

and

Llog(n)
n

MsoL + A7t + AL P = 0. (38)

Then the solution b to problem (24) is unique and satisfies S, = S, with probability ap-
proaching one (as n,p — 00).

We set elements of estimated network matrix a;, = 1 if l;]k # 0 (ignoring the sign of
lA)j7k7.), otherwise, set a;, = 0. As the estimated network matrix A= (G1) is not symmetric,
it is an adjacency matrix for a directed graph. Our Theorem 8 provides model selection
consistency for the estimated network matrix fl, which is also proposed in section 3.1.

15
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4. Simulation Studies

In this section, we shall evaluate the numerical performance of the proposed estimation
procedures of nonlinear VAR models.

We design three different patterns of the binary transition matrix (network matrix, see
Section 3.1) A: random, band, cluster. Typical realizations of these patterns are illustrated
in Figure 1. The pattern “cluster” has block diagonal structure, where each block is of
dimension 10 x 10 and satisfies the pattern “random”. In each dimension j, 1 < j < p,
we randomly assign 5 nonzero functions, according to the pattern of the transition matrix.
The relevant nonzero component functions are given by

fi(x) = 0.2z,

fa(x) = —0.15sin(1.5z),
fa(x) = —0.5®(z,0.5, 1),
fa(x) = 0.2z¢ 057",
fo() = 0.15l0g (|| +2),

where ®(-,0.5,1) is the Gaussian probability distribution function with mean 0.5 and stan-
dard deviation 1. In other words, for each j with 1 < j < p, we randomly select 5 functions
hjr (1 < k < p) to be the above nonzero functions. The rest p — 5 functions of hjy
(1 <k <p) are all zeros. Elementary calculation shows that this nonlinear VAR process is
stable and satisfies Assumption 1. In order to ensure reasonable signal to noise ratio, the
error processes ¢; are generated from 0.2N(0, 1).

In all the conducted experiments, we assess the model selection performance of our
model using the area under the receiver operating characteristic curve (AUROC) and the
area under the Precison-Recall curve (AUPR) ignoring the sign (positive negative influence),
where the ROC curve is created by plotting the true positive rate (TPR) against the false
positive rate (FPR) and the precision-recall curve is a plot of the precision against the
recall. Define TPR, FPR, precision and recall as follows

TP FpP TP
. FPR=-— . Precision= — .
TP + FN’ R=a87rp Predsion= g5 5p

TPR = recall =
Here TP and TN stand for true positives and true negatives, respectively, and FP and
FN stand for false positives/negatives. We choose a set of data dimensions p = 20, 50, 100
while the sample size is n = 50, 100, 200, 500, respectively. The empirical values reported in
Tables 1 are averages over 1000 replications.

It can be seen from Table 1 that the proposed estimation procedure of nonlinear VAR
model performs fairly well as reflected in both AUROC and AUPR. In particular, when the
sample size is moderate (n > 100), our method provides pretty good AUROC in all cases.
As expected, when the sample size n increases, our method performs better. And both
AUROC and AUPR decreases as the dimension p increase. Besides, our proposed method
makes no significant differences in terms of 3 patterns of transition matrix.

16
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(a) random (b) band (c) cluster

Figure 1: Three different network matrix patterns used in the simulation studies. Here gray
points represent the zero entries and black points represent nonzero entries.

Table 1: Model selection performance of the proposed nonlinear VAR method with three
different patterns of the transition matrix, “random”, “band”, “cluster”, based on
1000 replications.

P AUROC AUPR
n 50 100 200 500 50 100 200 500
Pattern “random”
20 0.633 0.744 0.851 0.924 0.443 0.651 0.856 0.937
50 0.611 0.720 0.842 0.920 0.230 0.458 0.753 0.904
100 0.591 0.696 0.830 0.918 0.132 0.320 0.666 0.883
Pattern “band”
20 0.647 0.753 0.858 0.928 0.469 0.681 0.864 0.938
50 0.610 0.720 0.841 0.920 0.234 0.464 0.758 0.905
100 0.592 0.698 0.830 0.918 0.143 0.339 0.672 0.881
Pattern “cluster”
20 0.642 0.746 0.855 0.922 0.464 0.667 0.861 0.933
50 0.609 0.718 0.839 0.920 0.231 0.454 0.744 0.905
100 0.591 0.696 0.827 0.918 0.138 0.328 0.661 0.883
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5. Real Data Analysis

We now apply our nonlinear VAR model to the analysis of a real biological gene regulatory
network time series expression data. The network is an E. coli SOS DNA repair system,
which has been well studied in biology, see e.g, Ronen et al. (2002). The main function of
the SOS signaling pathway is to regulate cellular immunity and repair DNA damage. We
consider an eight gene network, part of the SOS DNA repair network in the bacteria E.
coli. The time series gene expression data set of the network was collected by Ronen et al.
(2002). The data are kinetics of 8 genes, that is, lexA, recA, ruvA, polB, umuDC, uvrA,
uvrD, uvrY, where lexA and recA are the key genes in the pathway. The 8 genes were
measured at 50 instants which are evenly spaced by 6 min intervals.

We compare the performance of our method with the Lasso regularized linear VAR
method (Basu and Michailidis (2015)). The tuning parameter A in both methods are chosen
by time series cross-validation procedure (see Han et al. (2015)). Figure 2 represents the
bacterial SOS DNA repair system. Figure 3 shows the real SOS DNA repair network,
which contains 9 edges. Figures 4 and 5 show the inferred gene regulatory networks using
our nonlinear VAR model and the ¢ regularized linear VAR model, respectively. In Figure
4, one can see that our method finds 6 out of the 9 edges in the target network and
identifies lexA as the hub gene for this network. Our method identifies most interactions
except lexA—ruvA, lexA—uvrY and recA—lexA. In comparison, in the Figure 5, the ¢;
regularized linear VAR model recognizes only 4 out of the 9 true edges, and predicts a
wrong edge. Furthermore, our proposed method gives the area under ROC curve 0.8116
and the area under Precison-Recall curve 0.6836. While, the ¢; regularized linear VAR
model gives AUROC 0.7222 and AUPR 0.6036. In summary, our proposed method has a
better performance than the regularized linear VAR model on the SOS DNA repair network,
although none of these two methods can faithfully recover all of the edges. This phenomenon
also confirms that there exists nonlinear dynamics in the gene regulatory networks.

DNA Damage

RecA l p»RecA*

Sensing Damage
Binding to Single
Strand DNAs

LexA

'/i /74“9(1 Cleavage

uvrD umuD lexA uvrA  recA .. polB

v

Figure 2: The bacterial SOS DNA repair system
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&3

Figure 3: The target SOS DNA repair network

&3

Figure 4: Reconstruction of SOS DNA repair network by nonlinear VAR model
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&3

Figure 5: Reconstruction of SOS DNA repair network by linear VAR model

6. Appendix

Let Fi, = (..., €x—1,€k), Fj = {€k,...,€x}, and Eo(X) = X — EX. Define projection
operator Py(-) = E(:|Fx) — E(-|Fx—1), k € Z. Let (€} )kez be an i.i.d. copy of (ex)rez. For
any X; = H(...,€i—1,€;), where H is a measurable function, we define the coupled version
Xi,{k} =H(..., €1, 62,, €ktls---,6). If k>4, then Xi,{k} = X;.

Lemma 9 (Burkholder (1988), Rio (2009)) Let ¢ > 1, ¢ = min{q,2}. Let Dy =
ZtT:l &, where & € L9 are martingale differences. Then

T
HDTHZI < Kg/ Z ||§tHg/, where K, = max{(q — 1)*1, v q— 1}.
t=1

Lemma 10 Let e € RP be a random vector with non-negative entries, satisfying Assumption
2(i) with pg < oo, for some q > 2. For non-negative vectors v; € RP, assume |v;|; < P
where p < 1. Consider

o0
X = Zmin {v;re,M}.
i=0

Take co = —p?logp/(2¢). Then for any c¢ < co/M, E(e“X) exists and

EeX/™M _R(coX/M) -1 < p2M~2 < 0.
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Proof Note we have the decomposition
(o.] o
X = M21U;62M + ZU;FE]_U;F€<M =:1; + Io.
i=0 i=0
For I part, by Markov’s inequality,
P(v e > M) < M72||v/ e|l3 < p* p3M 2.
Hence for m > 1, we have
(e.0) o
E|L ™ < MTn(ZIP(UiTE > M)l/m>m < Mm(ug/mM’Q/mZp%/ﬂm < p3(1 = p?/my M2,
i=0 i=0
Since for any m > 1,
1= /™ > (1= p2) /m = —2plog(p) /m. (39)
we further obtain
E|L|™ < p3(—2plog(p) /m) " M™%,

Choose c¢1r = —p2log(p)/(eM), then by m! > (2m)Y/2m™+1/2¢=™ (Robbins (1955)), we
have

s Blend)™) 12

m! -2
m>2
For I part, for any m > 2,
00 m () m o m
i < (S traln) < (S0l < (a3 )
i=0 i=0 i=0

< pz(—2p%log(p)/m) " M™ 2,
where the last inequality is by (39). Therefore

3 E((e1,m12)™)

m)!

1
< iugM—Q < 0,
m>2

We complete the proof by combining the two parts and setting co = Meq ar/2,

Ee®X/M —1 —E(coX/M) =y E<(C°);/,M S E((C%Il) S E((C%b) T
m>2 ' m>2 ' m>2 '
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Proof [Proof of Proposition 6] Note that since basis functions are orthonormal, ||hjx|l2 =
ooy b;‘,%,l)l/ 2, Since basis functions are bounded by B, by Assumption 3, we have

L kl|l
Ihie = b5l < 37 WulB=B Y —&

[>L+1 [>L+1
*2 712 —92
Yoo |y
I>L+1 I>L+1

< BC(28 —1)"'L1/?*P,
Hence, as sp = maxi<j<,Card(S;) with Sj := {k : hj # 0,1 < k < p},

p
Irilos < Z | hji — h%)ﬂoo < BC(28 — 1) LsoLV/?5,
k=1

Then we obtain the desired result. [ |

] [ pOSit‘O 5] € ﬁISt prove pa‘-‘[‘t (1) By (26)7 we ha“ea fOI a“y u € %j
I |U“‘2 17
E’U/ wj7,(XZ)Q]Z)]77( X Z) u > ¢ .

Let m = 4(—logp) 'log(n). Recall F}' = {ek,...,€,}. By Lemma 11, we have, for any
1 < j < p, with probability at least 1 — mp~“ /12 — 2mp?Le =37/ (10m) for any u € RPL,

colog(n)log(pL) ul?
n

July -

1 — 1
EZUTE(%,~,~(X1')%,-,( D) F ) u > QUTE%,,( Xy (Xi) Tu —
=1

Note that L = o(n). Let z = 1 in Lemma 12, we can obtain, with probability at least
1 —mp= /12 — 2mp?Le=37/(10m) _ g=can_for any u € RPL,

1 1 L
n n

1
Then (28) follows.
For part (ii), denote Q) = E(v; . (Xik)¥jk (Xik)'). For m = o(n), let N = [(n —
1)/m] and N = {1,m+1,2m +1,...,(N — 1)m + 1}. Then there exists constant cg > 0
such that for any 1 <ly,lo < L, z > 0, we have

FiL m+1> Qi ln| = Z) < 2exp{ — e3N2*}.

(‘NZE< (ke (X g ) e (Xie) it

ieEN

Therefore with probability at least 1 — 2L%exp{—c3N2z2}, for any u € R¥ with |u|s = 1,

‘N ZE<U Vit (Xi k)5 ke, (X )Tu|‘7:1n*m+1> _UTQj’ku‘ s L.
ieN
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Take z = c4(log(p) + log(L))/N some constant ¢4 large enough. Then we have with proba-
bility greater than 1 — m(pL)~%, for any u € RL, Juls =1, 1 < j, k < p,

1 o 1 + log(L
n ZE<“T¢j,k,~(Xi,k)¢j,k,-(Xz‘,k)TU!f?_mH) < ¢u + C5L\/Og(p)]\,og()-
i=1

Then (29) follows by combining above and Lemma 12 with z = 1 and m = 4(—logp) 'log(n).
|

For m = o(n), denote N = [(n—1)/m] and N = {1,m+1,2m+1,...,(N — 1)m + 1}.

Lemma 11 Consider the VAR process (2), suppose Assumptions 1 and 2(ii) hold. Assume
that there exists constant ¢ > 0, such that for all u € RP’L, E[(uTW(X,)¥(X;)Tu)?] <
c(uTE(\II(Xi)\I’(Xi)T)u)Q. Let N > Clog(p®L), where C > 0 is a sufficiently large constant.
Then, we have, with probability at least 1 — p= /12 — 2p2 Le3N/10,

CQIOg(pQL)

1 1
VueRng,NZ W (X)W (X0) T g )u = Gul BU(X)W(X) Tu — 22 Julf

ieN
where ¢; > 0 is a sufficiently large constant and co depends only on ¢ and B.
Proof Recall for any 1 < j,k < p,1 <1 < L, sup, |¢ji(z)] < B, some B > 1, and
FI' = {ek,...,€n}. Denote ¥ = E(¥(X;)¥(X;)") and

Sy=N IZE ) | Fiv m+1)
iEN

Let Ygiag be the diagonal of ¥ . Note that E(U(X;) U (X;)T|F 1) = E(T(X)U(X) T F,01)

are independent for all 7 € V. By Jensen’s inequality,

E [(E(uTxp(Xi)xy(Xi)Tuyff_mH))2} < E[(u W(X)W(X:) )2 < e(u B(U(X)T(X) u)’.

Then, employing similar arguments as in the proof of Lemmas 5.1 and 5.2 in Oliveira (2013),
we can obtain, for N > 1568¢(c3 + 1)log(p?L) and c3 > 0,

1568¢(cs + 1)log(p*L) 32 >

1
N diag >21-=p “. (40)

12

~ 1
P <Vu € ]RPZL,UTENU > §uTZu -

Since for any 1 < j,k < p,1 <1< L, |Yjki|eo < B, then, by Bernstein’s inequality, we have,

1 N
’ <‘N > (Wi Xir)? — Bt (Xix)?)| = Z) = e <_M> '

ieN

Hence, we have

P
1<j, k<p,1<l<L

Z Yk (Xik)

2> 2B2> < 2p*Lexp (—10N/3).
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Combining the above inequality with (40), it follows that, with probability at least 1 —
p=3/12 — 2p?Le3N/10 for any u € RP°L

_ 3136B%c(c3 + 1)log(p°L)
N

- 1
uw' S yu > iuTZu lul?.

Lemma 12 (m-approximation) Considering the VAR process (2), suppose Assumptions 1
and 2 (ii) hold. Let zp~™ [(soL) > Cn, where C > 0 is a sufficient large constant. For any
1 <5 <p, we have

P( sup ST [ (X0 (X0) T = B (X0 (X0) T ) | ) < sjL%e,
1

lul2=1, |ulf=soL " ;=

for some constant ¢ > 0.

Proof For matrix A, denote by Ay, i, the (ki,k2)th entry of A, and let E;_p () =
() = E(|F,41), then we have

P ( sup )’LLT ZEi—m-i-l (wj”(Xl)@Z)]”(XZ)T)u‘ > Z)
=1

|ul2=1, [ul{=soL

n
<P < sup - [ulf _max ‘ZEFmH((%‘,-,-(Xz‘)%‘,-,-(Xi)T)kl,kQ)lukl,uk2¢0‘ > Z)
=1

lul2=1, |u|?=s0L 1<k1,ka<p

1<ky,k2<p

<sjL* max P (‘ ZEi—m—H (g (X5 (X)) by k) | = Z/(SOL)> :
i=1

By construction, for any indices 1, j, k1, ko, there exist functions
d1,02 € {f: RP = R|f(x) = Yjr(x;) for some 1 < j,k <p,1<I<L,1<i<p}

such that (¢, .(Xi)¥j..(X;) Nk ks = 01(X;)2(X;). Since function 9 x; satisfies conditions
in Lemma 13, we complete the proof. |

Lemma 13 Consider the VAR process (2), suppose Assumption 1 and 2(ii) hold. Assume
functions ¢1, ¢ : RP — R are both bounded with |¢ilcc < B, i = 1,2. For any x,y € RP,
assume |¢;(x) — ¢i(y)| < BT |z —y| = Z§:1 Bjlz; — y;|, where |Bl1 < 1. Then we have

P(| 3" [61(X0)92(X0) = E(61(Xi)62(X) | FiL )] | 2 2) < ememinlmer 2720 /m) )
i=1
where constant ¢ only depends on p, uo, pe and B.
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Proof Recall F]' = {¢g,...,€ey}. Denote

n

Sp =Y [61(Xi)p2(Xi) — B (1 (X2 (Xi) | Fpir)]  and & = E(SulFf_y) — E(SalF7).
=1
Then S, = Zkgn—mﬂ & and

Gl< > B0 (Xigw) - 1 (Xa)llga (X0 F)
i=(k+m—1)V1

+ Y E(’¢1(Xi,{k})H¢2(Xi,{k}> oo (X)|| FF: )— Sk + Sk (42)

i=(k+m—1)V1

Since |¢1(X; gxy) — 1(Xy)| < [STHi_’“abs(df —¢) and |¢1]|0 < B, we have

n

&k < Z (BTHZ Fabs(e}, — e |.7:")

i=(k+m—1)V1

A similar bound can be derived for &;;. Hence

n
1€k < E(wjy abs(e), — ex)|Ff), where w, =2B3" Z Hi7k,
i=(k+m—1)V1

Then |wi|1 < 2B(1 — p)~tp™~L for k > —n and |wi|1 < 2B(1 — p)~1p!=* if k < —n. For
k < —n, since § are martingale differences, by Burkholder’s inequality (Lemma 9), we
have, for any g > 2,

H Z 5k” (¢—1 q/2( Z 1€kl ) (¢ — D)¥2(2B)1ud(1 — p)~9(1 — p*)~1/2plp"

Thus by Markov’s inequality

P<| D&l = Z> <2 4BY(1-p) 2 (1= p*) ' p3p® - pP" < 2 PABY(1— p) tpp® - e (oo,
k<—n

For k > —n, let h* = (2B)~1(1 — p)pco and &, = & /p™ Then Eexp(h*[€,|) < 2u. < co. By
(8), (9) and (10), we have for any h < h*,

E(e5+"| Fro1) < 1+ crh?,

where ¢; = 2pch* 2. Similar as (11), we have

P(‘ k:Zank/Pm’ = z) = hig}f* eXP( —zh + 2C1nh2) < exp{ — 22/(622 + 63n)},

for some constants co, c3 depending on p, s, tte and B. Then the desired result follows. W
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Proof [Proof of Theorem 7| Let

n p n
F(b) = %Z(Xi —U(X1) DAY %Z(¢j,1~c,~(Xi—l,k)Tbj,k,~)2-
i=1 J,k=1 =1
Define
iZ Xio1)(Xi = U(Xio1) 0. (43)

Recall the definition of |- |24 in (23). Then
1 n
|Vil2,00 = ’ﬁ Z V(X 1)(e + Ti)’ZOO
i=1

1< 1 ¢
< LS el 23U el
i=1 =1
=1, + L. (44)

For Iy part, by (22) and Proposition 6, we have |¥(X;_1)|so < B and thus I; < B2C(28 —
1)~1soL'=#. For Iy part, by Lemma 14, with probability at least 1—(pL)~¢, Iy < ¢y/Llog(pL)/n,
for some constants ¢, > 0.

For ¢y > 12(c + CB%(28 — 1)71)/¢1,, by Proposition 5, we have

> (12/¢1) (ey/Llog(pL) /n + B>C(28 — 1) 'so L' ) > 12|V, 2,00/ 01

Let
~ ¢ 1 ca(soL)log(n)log(pL)
b= - ,
n n
and
~ log(n)log(pL
¢u = ¢u +csL g()ng,(p)j

where |u|; = soL in Proposition 5, and ¢4, c5 are the constants in (28) and (29). Then,
for n > c3(soL)log(n)log(pL) + c3L?log(n)log(pL) with sufficient large constant c3 > 0, we
have

b1 > % and ¢y < 2¢y.

Denote

1 n
Yik=— Z%,, i1k Uik (Xi—1k)|  and Jn:n;q](Xi—l)\Ij(Xi—l)T-
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Hence, by Assumption 4 and Proposition 5, with probability approaching one, we have

F(b)— F(b*) = — 2V (b—b") + (b— b*) T Ju(b — b*) + A Z (1320512 — [S}20% . |2)

j,k=1
> — 2 Vala,oolb — 0|21 + drlo — 0B+ A S SV bincle = A S S Bgne — Uik )l
j,kéS j,kes
>pLlb— b3 = Nor/6+du) Y bk, — bl |,
7,keS
>($r/3)[b = b*[5 = Mor/6 +260) > |bjk. — Uiy |a-
7,k€S

Since Card(S) = [S]o = s, we have

J.k€S j,kes

Hence |b — b*|s < (1/2 + 6¢p/¢r)v/sX in view of F(b) — F(b*) < 0.

Furthermore,
P P L
; 2
D e = hil3 < V2 Y Z okl =BGk ) sk +WZ Z baklwﬂv’”
J.k=1 g k=11l1=1 2 j,k=1lll=L+1

Since (10} 1)k, are orthonormal basis functions, we have

Z thk_ Jk||2<\fzz k0 ]kl +\fz Z b]kl

7,k=1 k=1 J,k=11=L+1
2 2 12872
St Y S
jk=11=L+1
< sA2 4 sL7%,
which also implies (33). |

Lemma 14 For function g : RP — R, assume |g|oc < B. Under Assumption 2(ii), we have

1 <& 2exp( — ”—32>, if 2 < 2coc1 B,
P(‘* Zg(Xifl)Eijw > Z> < der ) 1 (45)
ni 2exp( — conz/(2B)), if z > 2coc1 B,

where c; = uecazBQ.
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Proof Let & = g(X;—1)ei;. Then &,1 < i < n, are martingale differences with respect
to Fi. Let h* = c¢y/B. By Assumption 2 (ii), for any 0 < h < h*, E(elé/") < co. Since
E(&x|Fr_1) = 0 and e® — x < el®l — || for any =, we have

E(efkh|fk_1) =1+ E(egkh —&kh — 1] Fp—1)

ellh — g |h -1
h2

<1+E] [P |02 (46)

Note that for any fixed x > 0, (e!* — tz — 1)/¢? is increasing in t € (0,0). Hence

elékIn* gy fn® — 1
h*2

E(eBh*‘Giﬂ)
T

el _ (& 1h — 1
E[e €|

h? ’f’“‘l} = E[

‘]:k—l} < <, (47)

where ¢; = p.B?c; 2. Combining (46) and (47), we can obtain
E(egkh|]:k_1) <1+ Clh2.

Then, by recursively applying the above inequality, we have

1 - n—
P(* E & > Z) < e_”ZhE(eZz:ll EihE(eg"ﬂfn,l))
n
i=1

< e "1 4 crh?)"
< exp( —nzh + ncth).
Take h = min{h*, z/(2c;1)}, we further obtain

1 < nz2
P(ﬁ ; & > Z) SGXP( - 471) 1>/ + exp( — conz/(2B)) Lipe <2200}

Similar argument can be applied to P(n™t>"" | & < —2) and the desired result follows. W

Proof [Proof of Theorem 8] Let bs = (b; 1., (j, k) € S) € R*L, and

=
G

I
NE

1 n
- Z(%’,k,-(Xi—1,k)Tbj,k,~)2-
=1

J.k=1
Denote
1 n
Yss = - z; Us(Xi1)Us(Xi1)",
1=
and
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By Assumption 6, (34), (35) and (36) hold on some event Z with P(Z) — 1. In the following,
we shall only work on Z.

A vector b € RP’L is an optimum of the objective function in (19) if and only if there is
a subgradient § € 9Q(b), such that

72\1/ ) (U(Xi1)Th— X3) + Mg = 0. (48)

The subdifferential OQ(b) is the set of vectors g = (gjx,1 < j,k < p), with g € RL,
satisfying

I Wik (Xim 1 )W) (Xim 1) T bjig
VS Wi (X1 Ty, )?

9k = ; (49)

-1
9JT1€< Zwak i—1k) Y5k, (Xie 1,k)T> gik < 1. (50)

Following the primal dual witness argument in Ravikumar et al. (2009) and Wainwright
(2009), it suffices to set bge = 0 and gg = 9Q(b*)g, and then show

bj. #0, for (j,k) €S, (51)
-1
9k ( Z%k i— 1) Wik, (Xim l,k)T) gik <1, for (j,k) € S, (52)

hold with probability approaching 1.
(i). Proof of (51).

Since bge = bse = 0, (48) reduces to

2 ¢ . R
=3 Ws(Xie)(s(Xi-1) Ths = Xi) + Ags = 0. (53)
i=1
It implies that
. . o Ao
bg—b :ES,E Z;\Ifs i 161-1—2 Z\I/S i—1) 525 s =11 + 1y —Is.
K3
(54)

We now proceed to bound Iy, Iy and I3. Recall the definition of | - |2, in (23). Also recall
that || Allec is the matrix co norm of A = (aij)nxm With [| Ao = maxi<i<n D271 |aijl-
For I;, we have

b < V53]

1 n
*E Uo(Xio1)e
n 4

=1
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By Lemma 14, with probability at least 1 — (pL)~“

1 ¢ log(pL)
- ; Us( X 1)e; — = (55)
Note that
il - sl <l o= vl
Sonll. = s |50 < s 550, VoL = VL 53],
Then by (34), with probability at least 1 — (pL)~
vsoL log(pL) _ L\/slo L
’11‘2’00 S CQ\/E' ¢ O . g/(np — mlln 0 g b (56)
For Iy, by (22) and Proposition 6, we have
Talzoe < VI [S55|| 195Xl il < B20@B - 1) oph st L0 (57)
For I3 part, note that for all (j,k) € S,
. ~1
m@jkg S?/ﬁ( Z?/)g, o (Xim1,6) V5 8, (X l,k)T> gk < 1.
It follows that
|gS’oo = (max ‘g]k|oo > max |gjk|2 <v ¢max (58)
Therefore we obtain
1 S N max
Tz < AV [E55]|_ lasle < 452 AVL. (59)
Combining (56), (57) and (59), we have, with probability at least 1 — (pL)~¢
|bs — bl2,00 = max |bjk, — bl |2
L+/solog(pL) vV
e Og P 4 B0(28 — 1) gk 2L 4 YOm i
2¢m1n
(60)

By (37) and (38), it follows that, on an event Z; with probability approaching 1,

max i)k—b* o — 0.
(j,k)€.5'| DK, j,k,|

Since max; r)es |b K |2 > 0 and will not converge to 0 asymptotically, (51) holds on an
event Z; with probablhty approaching 1.
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(ii). Proof of (52).

Since bge = b, = 0, for all (j,k) € S¢, (48) reduces to
— Z% k- (Xic1,k) (W, (Xi—1)Tl§Sj — Xij) + Agjr = 0.
It implies that
Gjk = ( Zl/{yk 1) (U, (Xi1) T (05, — bs;) ii@bj,k,-(eij ‘|‘Tij)> :
i=1
By (54), we have
( Z%, ko (Xio16) W, (X )Tigj.{sj> gs;

2 \r 1
X ( ijk i— 1k \I/S (Xi—l)TESjl’Sj> EZ‘I’Sj(Xi_l)eij

i=1

2 1«

DY ( Z%k i—16)¥s; (Xi—l)ngj.{Sj) EZ\IISj(Xi—l)Tij
i=1

2 n

X ijk €5 + Z¢jk Tig

=1I; — IIQ — 113 + 114 + II5.

Since for all (j, k) € S¢,

-1
1
T 2
g]k( Zﬂ}gk i-1k) Uk, (Xio1) ) gjkﬁmmjkb-

It suffices to show max(; p)ege |gjk]2 < v/ Pmin. We now proceed to bound IIy, 1Ty, IT3, Iy and
1.
For 11y, by (36) and (58),

;|2 < Z%, k- (Xio16) W, (X )TEEJ{SJ |95, 12

2

¢m1n - /
¢max \/7 \/> Qsmax

< (1 - 5) V ¢min' (61)
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For Ilp, by Lemma 14, as so < n, with probability at least 1 — (nL)~

2 | min 1—6 1 @

Mole < =/ 220 . = = VsoL |= ) We (X;_1)e
’ 2|2_)\ Qbmax \/% S0 nlz; S]( i 1)61joo
2 [¢min 1-0 ,— log(nL)

< —. . . SL‘C
- A ¢max VS0 0 ! n

- 05% / Llogn(”L). (62)

For 113, by (22) and Proposition 6, we have

2 min 1 — o _ _ S Llfﬁ
[Mslo < - z iy /soL - B2C(28 — 1)L sqL/?78 = 522 (63

Similarly, for II4, with probability at least 1 — (nL)~7,
1 /Llog(nL
ML < sy 2E0E) (64)

_180L1_B — . SoLl_B
X A

In view of (61), (62), (63), (64) and (65), for all (j,k) € S° we can obtain, with
probability at least 1 — (nL)~% — (nL)™,

. 1 /[Llog(nL L=
el < (1= 00V dain + (e5 +es) 5y T2 e o) T (e

By (38), it follows that, on an event Zs with probability approaching 1,

For 115,

l5]; < 2B2C(28 — 1) (65)

|9jkl2 < (1= 6)v/ bmin + o(1).

Hence, (52) holds on an event Z, with probability approaching 1. Then Theorem 8 follows.
|
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